PRODUCT LUKASIEWICZ LOGIC

ROSTISLAV HORCIK AND PETR CINTULA

ABSTRACT. Lukasiewicz logic plays a fundamental role among many-valued
logics. However, the expressive power of this logic is restricted to piecewise
linear functions. In this paper we enrich the language of Lukasiewicz logic
by adding a new connective which expresses multiplication. The resulting
logic, PL, is defined, developed, and put into the context of other well-known
many-valued logics. We also deal with several extensions of this propositional
logic. A predicate version of PL logic is introduced and developed too.

1. INTRODUCTION

Lukasiewicz logic [16, 11] is one of the most important logics in the broad fam-
ily of many-valued logics. Its corresponding algebraic structures of truth values
(MV-algebras) are well-known and deeply studied. Mundici’s famous result [2] es-
tablished an important correspondence between MV-algebras and Abelian [-groups
with strong unit. There is an obvious question if there is a logic, whose correspond-
ing algebras of truth values are in the analogous correspondence with [-rings.

There are several papers dealing with so-called product MV-algebras. Mon-
tagna’s papers [17, 18, 20] are fundamental to our aims. There is also a paper by
Di Nola and Dvurecenskij [5]. A product MV-algebra (PMV-algebra for short) is
an MV-algebra enriched by a product operation in such a way that the resulting
structures correspond to the f-rings with strong unit. In [17], Montagna proved
the subdirect representation theorem for PMV-algebras and established a corre-
spondence between linearly ordered f-rings with strong unit and linearly ordered
PMV-algebras. Later in [18], he introduced PMV a-algebras (PMV-algebras en-
riched by the 0-1 projector A) and proved the categorical equivalence between
PMV a-algebras and certain extension of f-rings (so-called d-f-rings). Finally in
[20], it was shown by Montagna and Panti that the variety of PMV a-algebras is
generated by the standard PMV a-algebra (over the real unit interval).

In the forthcoming paper [19], Montagna introduced a quasi-variety PMV™
containing only the PMV-algebras without non-trivial zero-divisors and showed that
PMVT is generated by the standard PMV-algebra (over the real unit interval).

However, so far there is no logic corresponding to the all above-mentioned alge-
bras. The main aim of this paper is to define and develop such a logic. Our logic,
which corresponds to PMV-algebras, is called PL logic. Further, we introduce PL/
logic corresponding to the algebras from PMV ™. We also study extensions of PL
and PL’ logics by Baaz’s A (PLa and PL/, logics). The algebras of truth values of
PL/, logic correspond to PMV a-algebras. This, together with the fact that there
are also several other different algebraic structures called PMV-algebras, is the rea-
son why we call PL-algebras the algebras of truth values corresponding to PL logic.
Analogously, we introduce PL'-algebras, PLa-algebras, and PL/, -algebras.

We use the above-mentioned algebraic results to obtain completeness of all of
these logics and standard completeness for PL’ and PL/\ logic. Further, we show
an example of the PL-algebra which demonstrates that PL logic is not standard
complete.
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FIGURE 1. Relations between logics of this paper.

Then we show a relation of our logics to the well-known LII logic which was
defined in [7]. Roughly speaking, the logic LII is the extension of PL’ by the
product residuum.

Furthermore, we extend these logics by rational constants in the same way as the
Rational Pavelka’s logic (RPL) extends Lukasiewicz logic (see [22], [21], and [11,
Section 3.3]). We obtain RPPL, RPPL/, RPPLA, and RPPL/, logics. We prove
Pavelka-style completeness of these logics and show that the logics RPPLA and
RPPL/\ coincide. Further, we prove standard completeness of RPPLA and show
the relation of these logics to RLIT (the extension of LII by rational constants; see
[7]) and RPL.

Then we investigate the predicate versions of all logics mentioned above with
the exception of PL’ (the problem is that we can prove only completeness of this
logic w.r.t. all PL/-algebras, but we are not able to prove it w.r.t. linearly ordered
PL'-algebras). We prove completeness for PLY, PLAV and PL/\V, Pavelka style
completeness for RPPLY, RPPLAY and even standard completeness for RPPLAV.
Then we deal with the arithmetical complexity of the set of tautologies of these
logics which entails that PLV, PLAY and PL/\V logics do not have the standard
completeness property. Finally, we show a relation of these logics to the predicate
versions of LIT and RLII logics (which were introduced in [3]) and the well-known
logic of Takeuti and Titani [23].

All logics considered in this paper lie between Lukasiewicz logic and RLII logic
[3, 7]. Their mutual relations are depicted in Figure 1.

2. PRELIMINARIES

In this section we summarize the basic notions and results from several systems
of propositional fuzzy logic that will be used throughout this paper.

2.1. Lukasiewicz logic and Lukasiewicz logic with A. Lukasiewicz logic was
introduced in [16]. In this paper we will understand this logic as an extension of the
basic logic BL introduced by Héjek in [11]. As usual, the language of BL contains a
set of propositional variables, a conjunction ®, an implication —, and the constant
0. Further connectives are defined as follows:
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eAY s 0@ (p =),
VY is (= 9) 2 P)A (Y =) = ),
- is o —0,
p=v¢ is (p =)@ W —9),
pOY is —p =Y,
oY is e,
1 is 0.
The following formulas are the azioms of BL:
(A1) (¢ =9) = (¥ = x) = (¢ = X)),
(A2) @Y=,
(A3) @Y —=Y®yp,
(Ad) @ (p—=v) 29[ =),
(Aba) (¢ = (¥ = X)) = (@Y = X)),
(ASb) (p@¢ —=x) = (¢ = (¥ = X)),
(A6)  ((p—=¥) = x) = (¥ —=¥) = Xx) = X),
(A7) 00— .
The only deduction rule of BL is modus ponens.

The notions of theory, proof, provability, and theorem are defined as usual. We
use also the notion of complete theory which is defined as follows: theory T is
complete if for each pair ¢, 1 of formulas, T F ¢ — ¢ or T' ¢ — ¢. These notions
will be used in the same meaning through out the paper up to several exceptions
which will be mentioned explicitly.

In [11] it was shown that the Lukasiewicz logic, denoted by L, is the extension
of BL by the axiom

L) o —o.
Now we recall several theorems of Lukasiewicz logic used in the sequel (see [11]).
PROPOSITION 2.1. In L the following formulas are provable:
(H1) »—= (¥ = o@),
(H2) (¢ =v) = (p@x =29 ®X),
(H3) ((p1 = 1) ® (p2 = ¥2)) = (01 @ p2 = Y1 @ Y2),
(Hi) o= oV, oV =9V
(H5) N — @, oANp > Ap, o@% = @A,
(H6) (¢ = X)N (= X) = (eVY = X),
(HT) (=) = (7p = o),
(H8) (1—=¢)=¢p,
(HI) (¢ —=¢) = (= oAY).
In [11], Hajek also studies the extension of Lukasiewicz logic by the unary con-

nective A (0-1 projector). The azioms of the extended Lukasiewicz logic La are
those of Lukasiewicz logic L plus:

(LAL) ApV-Agp,

(LA2) Alp V) = (ApV AY),
(LA3) Ap — ¢,

(LA4) Ap = ALy,

(LA5) Alp =) = (Dp — DY)

Deduction rules of La are modus ponens and necessitation for A: from ¢ derive
Nep.

2.2. MV-algebras and MV a-algebras. Here we introduce the definition of MV-algebras.
They represent the semantics of Lukasiewicz logic. By abuse of language, we use

the same symbols to denote logical connectives and the corresponding algebraic
operations.
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DEFINITION 2.2. An MV-algebra is a structure L = (L, ®, -, 0) such that, letting
xOy=-(-xzdy), and 1 = =0 the following conditionas are satisfied:

(MV1) (L,®,0) is a commutative monoid,

(MV2) z&1=1,

(MV3) ——x=ux,

(MV4) (zoy)dy=yoz)dr.

In each MV-algebra, we define the additional connectives:  ® y = =(—z @& —y),
x—y=-2dy, zVy = (z0y)Dy, Ay = ~(-xV-y). We also define the relation
< as a natural lattice order with top element 1 and bottom element 0 w.r.t. the
lattice operations V and A (because (L, V, A, 0,1) forms a lattice).

Now we list several useful claims (see [2]).

PROPOSITION 2.3. In every MV-algebra, the following conditions hold:

(1) z60==x,
yzex=0,

3) 00z =0

4) the followmg conditions are equivalent: x <y, zro0y=0,z—>y=1,
5) ife <y, thenx®z<yPz,c62<yOz and z6y<zOozx,

6) oy A(yoxz)=0,

NaeeyVve) =@y V(ez),

8) zd(yNnz)=(z@y) N (zd2),

9) 1oz =z,

0) a=(a®—a)S a.

(2
(
(
(
(
(
(
(

(1

The algebraic structures corresponding to LA logic are so-called MV a-algebras
(for details see [11]).

DEFINITION 2.4. An MVa-algebra is a structure L = (L, ®,—,0,1,A) such that
(L,®,—,0,1) is an MV-algebra and the unary operation A\ satisfies the following
conditions:

(A1) AzV-Ax=1,

(A2) AlxzVy) < AzV Ay,

(A3) Az <z,

(NL) Nx < AAx,

(A5) Az —y) <Az — Ay,

(A6) A1=1.

PROPOSITION 2.5. In each MV -algebra, we have: Az Q@y) = Az A Ay.

2.3. Lll-algebras and the LII logic. In this subsection we recall the definitions
of LIT-algebras and LII logic. This logic was introduced by Esteva, Godo and
Montagna in [7].

DEFINITION 2.6. An LII-algebra is a structure: L = (L, ®,—, —n,®,0,1) such
that:

(1) (L,®,—,A,0) is an MV a-algebra,
) (L,®, ) is a commutative monoid,
) zOYoz) =0y o (zo:2),
) Alz=y)AA(z=t) < ((xxz2)=(yxt)), where x € {—p, O},
) zA(x—70)=0,
) Al —=y)<(x—ny),
) Aly—o) < (@0 (@ —ay) =),
The operation A is defined by -z — 0 and 6, =, —, A, ® are defined as in
the MV-algebra.

(
(
(
(
(
(

~ O O =~ W N
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Now we define LII logic. The basic connectives of this logic are @, =, ®, — 7. The
derived connectives are defined in the same way as the corresponding LII-algebraic
operations.

DEFINITION 2.7. The logic LII is given by the following axioms and deduction
rules:

) Axioms of the Lukasiewicz logic with A |
) Alp =) ANAX=0) = ((pxx) = (P *0)), for x € {=11,0},
) (oY) = (Yo,
L) (pOYP)OXx=p0 @ OX),
) ¢A(p—=n0)—0,
) pO@Wox)=(p0Y)o(poX),
) Alp =) = (o= y),
) AW =)= (O (e —=n ) =1).

The deduction rules are modus ponens and the necessitation of A\ (from ¢ infer
Ap).

_ The RLII logic is given by the rules and azioms of the LI logic plus the aziom
% = ﬁi and the infinitary deduction rule (IR): from ¢ — T or each r < 1 infer ¢,
where % is a new basic nullary connective and for each r € QN[0,1], 7 is a derived
nullary connective.

The LIT logic is sound and complete w.r.t. LII-algebras. The completeness of
the LIT logic was shown in [7]. A simplification of this axiomatic system was shown
by one of the authors in [4].

THEOREM 2.8. Let ¢ be a formula of EII. Then ¢ is a theorem of the LIl logic
iff ¢ is an L-tautology w.r.t. each Lll-algebra L.

THEOREM 2.9. Each LII-algebra is subdirect product of linearly ordered EIl-algebras.

2.4. Groups and rings. In this section, we introduce o-monoids, o-groups, and
o-rings which are the totally ordered [-monoids, [-groups, and [-rings respectively
(see [9]).

DEFINITION 2.10. The structure (S,+,0, <) is an o-monoid if (S, +,0) is commu-
tative linearly ordered monoid with neutral element 0 and x <y implies x+2z < y+z.

DEFINITION 2.11. A linearly ordered Abelian group (o-group for short) is a struc-
ture (G, +,0,—, <) such that (G,+,0,—) is an Abelian group and the following is
satisfied:

(i) (G,<) is a linearly ordered lattice,

(ii) ife <y, thenx+z<y+z foralzegd.

DEFINITION 2.12. A linearly ordered commutative ring with strong wunit
(o-ring for short) is a structure (R,+,—, %,0,1, <) such that (R,+,0,—,<) is an
o-group, (R, +,—, X,0,1) is a commutative ring with strong unit, and the following
is satisfied: if x > 0 and y > 0, then x x y > 0.

DEFINITION 2.13. Let R = (R,+,—, X,0,1,<) be an o-ring and let L = {z €
R|0<z<1}. Forallz,y € L define x®y = min{l,(x +y)} and ~x =1 — z.
By ® we denote the operation X restricted to L. Then the algebra (L,®,®,-,0,1)
is called the interval algebra of R.

3. PL anDp PL/ LocIcSs

3.1. Syntax — PL logic and PL’ logics. In this section, we introduce the PL
logic (PL for short), an extension of Lukasiewicz logic by a new binary connective
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©®. This connective plays the role of multiplication. Thus the basic connectives are
®,—,®,0. Additional connectives @, S, -, A, V,=,1 are defined as in Lukasiewicz
logic. We also introduce the PL’ logic (PL’ for short), an extension of PL by one
additional deduction rule. The reason for this extension is that the PL logic does
not possess the standard completeness property.

DEFINITION 3.1. The axzioms of PL logic are the axioms of Lukasiewicz logic, i.e.
(A1)-(A7), (L), and the following axioms:
(P1) (x©9)o(xOY)=x0(po1),
(P2) p0OWOX)=(pOY)OX,
(P3) ¢—=¢o0ol,
(P4) 09—,
(P5) 09 >9op.
The only deduction rule is modus ponens.
The PL' logic is obtained from PL by adding a new deduction rule (ZD): from
—(p © @) infer —p.
It is obvious that all theorems of Lukasiewicz logic are also theorems of PL and
all theorems of PL are also theorems of PL’.
Further, we show several useful theorems of PL logic. The most important one
is theorem (TP4) stating that the connective = is a congruence w.r.t. the product
© (the fact that = is a congruence w.r.t. the other connectives is known from [11]).

LEMMA 3.2. The following are theorems of PL logic:

(TP1) (w—ﬂb) (POXx=vOX),

(TP2) (p=¢) 2 (POX=YOX),

(TP3) (@1—H/11) (p2 = 12) = (01 © P2 = Y1 O o),
(TP4) (p1=91) @ (2 = 2) = (01 © 2 =1 O o),
(TP5) o@¢ =901,

(TP6) (pAYP)OX=(pOX)A(POX).

Proof. (TP1): We start with one direction of equivalence (P1) (y®¢)© (xO¢) —

X O (p©1). By (P4) and (A1) we get (x © ) © (x © ) = (9 © ). Using (H7) we
obtain =(¢ & 1Y) = =((x ® ) © (x ® ¢)). This is what we want to prove (because

—(poy) = (p = 1))

(TP2): We use (TP1) and (TP1) with ¢, exchanged. Using (H3) we get
(=)W =9) =2 (POX=2YOX)Q[YPOX = 9OX).

(TP3): Let us start with (TP1) (¢1 = ¥1) = (p1 ©@ p2 = Y1 © ¢2) and (TP1)
again (o2 — ¥2) = (Y1Ope — 1 O12). Now using (H3) we get (o1 — 1)@ (02 —
P2) = (1 O p2 = Y1 O 2) ® (Y1 © 2 — 1 ©1). By axiom (Al) (after applying
axiom (A5)) we get (910p2 — P1OP2)R(P1OPY2 — Y1OY2) = (P1OPY2 — Y1OY2).
Axiom (A1) completes the proof.

(TP4): This is an analogy of the proof (TP2), except that we use (TP3) instead
of (TP1).

(TP5): We start with (TP1) in the form (1 — ¢) = (1® ¢ — ¢ ©® ). By (H8)
and (A5) we obtain ¢ ® (1®¢) = ¢ ® 1. The rest is obvious.

(TP6): We start with the first direction: by (H9) and (TP1) we obtain (¢ —
¥) = (pOX = (pAP)OX). By (H5) and (A1) we get (¢ = ¥) = ((pOX)A(DOX) —

(
(¢ A1) © x). Analogously we get (¥ = ¢) = (P O X) A (P © X) = (P AY) © X)-
Axiom (A6) completes the proof of this direction.
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Reverse direction: by (T1) and (H9) we get (¢ = ¥) = (p O x = (¢ © x) A
(¥ ® x)). By (H5) and (TP1) we get (¢ A ) © x — ¢ ® x. By (Al) we get
(p—=9) = ((pAY) O = (O Xx) A (¥ ® x)). The rest of the proof is analogous
to the first part. O O

Since we have the same deduction rules in PL as in BL, we obtain also the same
deduction theorem for PL. See [11, Theorem 2.2.18] for details.

However, in the PL’ logic the situation is quite different. After we introduce the
semantics we show that the deduction in the same form as in PL does not hold.

THEOREM 3.3 (Deduction theorem). Let T be a theory over PL and ¢, 9 be
formulas. Then T U {p} b ¢ iff there is an n such that T + o™ — 1, where

Pr=p®...0¢.
Due to the same reasons as in the previous theorem, we may reread the proof of

[11, Lemma 2.4.2] and get the following theorem for PL. We will prove an analogy
of this theorem for PL’ at the end of the next section (cf. Corollary 3.19).

THEOREM 3.4. Let T be a theory over PL and ¢ a formula such that T t/ @. Then
there is a complete extension T' of T' such that T t/ .

3.2. Semantics — PL-algebras. Now we define the algebras corresponding to PL
and PL/ logics — the PL-algebras. They coincide with PMV-algebras which were
introduced in Montagna’s paper [17]. Furthermore, PL-algebras are also a subclass
of more general algebras introduced by Dvurecenskij and Di Nola in paper [5] (they
do not require 1 to be a neutral element for the product ® and commutativity of
©®). However, we decided to use the name PL-algebras, because some authors use
the name PMV-algebras for the different structures (e.g. pseudo MV-algebras).

The PL/-algebras coincide with PMV *-algebras introduced in forthcoming Mon-
tagna’s paper [19]. These are the subreducts of LII-algebras.

DEFINITION 3.5. A PL-algebra is a structure L = (L, ®,—,©,0,1), where the
reduct L* = (L,®,—,0,1) is an MV-algebra and the following identities hold:

(1) (aob)e(cdc)=a0(bec),

(%) a0 boc) =(@oboc,

(3) a®l=a,

(4) a®b=bGa.
where a©b = —=(-a®b) =a® b and a®@b = —(—-a ® —b). Moreover, we say that
L is a PL -algebra if it fulfills the following quasi-identity:

(5) ifa®a=0thena=0.

Observe that the PEL-algebras form a variety and the PL/-algebras form a quasi-variety.

EXAMPLE 3.6. If ([0,1],®,—,0,1) is the standard MV-algebra (i.e. @y =
min(l,z +y) and -z = 1 — z) and © is the usual algebraic product of reals
then [0,1]s = ([0,1],®,—,®,0,1) is called the standard PL-algebra. The stan-
dard PL-algebra [0,1]g is also PE -algebra, thus we will also call it the standard
PL/-algebra.

Notice that a linearly ordered PL-algebra is PL’-algebra iff it has only trivial
zero-divisors.

Now we recall several known results about PL and PL’-algebras. In [17, Lemma
4.3 (a)], Montagna showed that there is a correspondence between linearly ordered
PL-algebras and o-rings. The analogous result for PL’-algebras is a consequence of
[19, Corollary 4.3].

THEOREM 3.7. An algebra L is a linearly ordered PL-algebra if and only if L is
isomorphic to the interval algebra of some o-ring Ry,. Furthermore, L is PE -algebra
iff Ry, is a domain of integrity.
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The following fact is a corollary of the previous theorem and was proved in [19,
Corollary 4.4].

THEOREM 3.8. The quasi-variety of PE -algebras is generated by [0,1]s.

THEOREM 3.9. Let @ be either PL or PE'. Then every C-algebra is a subdirect
product of linearly ordered C-algebras.

Proof. The claim for PL-algebras is proved in [17, Theorem 5.1]. The claim for
PL/-algebras is a trivial consequence of Theorem 2.9 and the fact that PE/-algebras
are exactly the subreducts of LII-algebras (cf. [19, Theorem 4.2]). O

Now we will study the relation between nontrivial zero-divisors and infinitesimal
elements of PL-algebras. We recall the definition of an infinitesimal element and
continue with the lemma showing the distributivity of ® w.r.t. @.

DEFINITION 3.10. An element a in a PL-algebra is said to be infinitesimal iff
a > 0 and na < —a for each n € N, wherena=a®--- ® a.

LEMMA 3.11. In each PL-algebra the following inequality holds:
bo(zay) <boz)d(boy).

Proof. The inequality is equivalent to (b® (x dy)) o (b x)® (b©y)) = 0.
Now (bo (zoy)e(boz)e(boy) =00 (zay)@-(bor)@-(boy) =
[(bo(zay))e(bor)]e(boy) =bo[(zay)er)oy] =bo[(rdy)©w®y| =

bo[(z@y) o (zay) =0. O 0

PROPOSITION 3.12. Let L be a linearly ordered PL-algebra, and a € L, a > 0. If
a 1s a zero-divisor then a is an infinitesimal.

Proof. Let us suppose that a is a zero-divisor which is not infinitesimal. Then there
exists n € N such that na = 1. By Lemma 3.11 a®na < (a®@a)®---®(a®a) =0
because a is a zero-divisor. Thus a =a ® 1 = a ® na = 0, a contradiction. O

Further we will show interesting examples which have important consequences
in the sequel.

EXAMPLE 3.13. Let us take the following set:
L1 =1{0,1,2,...,00,00 — 1,00 — 2,...},
where we identify oo with oo — 0. The operations are defined as follows:
n € N: -n=00—n,
—(0c0 —n) =n.
k,neN: kdn=k+n,
(00 — k) & (00 —n) = o0,
— k) ifk<
k& (00— 1) = {(oo n+ k) 1 <mn,
0 otherwise.
kkneN: kEGn=0,
k® (co—n) =k,
(00 —k)® (c0o—n)=(co—k—n).
The structure (L1 00, ®,®,,0,00) is a PL-algebra. Observe also that this algebra
possesses montrivial zero-divisors, thus it is mot a PE -algebra. Notice that the
MV-reduct of this algebra is the well-known Chang algebra, thus the elements of
L o are ordered as follows: 0 <1 <2< - <0o0o—2<o00—1<o0.
We show how to gemerate this PL-algebra with montrivial zeros-divisors from

the standard PL-algebra. It is the well-known fact that each algebra in a variety
generated by [0,1]s can be obtained as A € HSP([0,1]s), where P means the direct
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product, S a subalgebra, and H a homomorphic image. So we will construct the
example in the following three steps.

(1) Step P: Take the algebra of all functions L = [0, 1]1%1],

(2) Step S: Restrict to the subalgebra S C L of all continuous piecewise poly-
nomial functions with integer coefficients such that either f(0) = 0 or
7(0) =1,

(3) Step H: Factorise by the equivalence ~, where f ~ g iff f(0) = g(0) and
1'(0) =¢'(0). By f'(0), we denote the right-derivative of f in 0.

EXAMPLE 3.14. Now we will show an example of a PL-algebra which cannot be
generated from the standard PL-algebra. Firstly, we construct an o-monoid and
then we construct the algebra of polynomials over this monoid. In this way, we
obtain a ring; its interval algebra is the desired PL-algebra (cf. Theorem 3.7).

The following example of an o-monoid can be found in [8]. For any a,b,c,d € N,
(a,b,c) will denote the sub-o-monoid of N generated by a, b, ¢, and {a,b,c)/d will
denote the o-monoid obtained by identifying with infinity all elements of {(a,b,c)
that are greater than or equal to d.

Let S = {32*} U (9,12,16)/30 denote the o-monoid obtained from
(9,12,16)/30 by adding one additional element, denoted by 32*. This element sat-
isfies 16 + 16 = 32*, 32* + z = oo, and the whole monoid is to be ordered as
follows:

0<9<12<16<18<21<24<25<27T<28 < 32" <00.

All the relations that do not involve 32* are as in N, so we have only to check
that x <y implies x + 2z < y+ z if ¢, y, or z is equal to 32*, but it is easy to see.

Let R be the o-ring of integers. Then the monoid ring R[S] is the set of all finite
formal sums r1 X' +---+r, X*, where X is an indeterminate, r; € R and s; € S.
Multiplication is defined by X°X' = Xt and by distributivity (so X° = 1). An
element ri X1 +- - -4+7, X" is said to be in normal form ifr; # 0 and s1 < -+ < Sp,.

We identify X with 0 and denote the resulting quotient of R[S] by R[S]n. An
element 11 X°' + -+ 4+ r, X° in normal form is positive iff r1 > 0. Thus for all
a,b€ S, a<b implies X* > X°.

It can be checked that R[S], is an o-ring. Finally, we get the desired PL-algebra
L as the interval algebra of R[S]n. In L the following identity, which is valid in
[0,1]s, does not hold:

(1) (21021011 02)A (2202201 O 21) A (Y1 O Y2 O 21 O 22) =0

Indeed, let us evaluate the variables as follows:
x = X16 Y1 = X18 21 = X16
$2:X12 yQZXg 22:X12
Then the terms in brackets in (1) attain the following values:
xl@Zl@:Ul@ZQ X16®X166X18®X12:X32*>0,
Ty © 220y © 21 XP2ox2oXx’0 X0 =x*cXx% >0,
NoOpornor = XPoXoXPox?=x"cXx*®>0.

To see that (1) is wvalid in the standard PEL-algebra [0,1]s, just observe that
whenever one of the variables x;,y;, z; is 0, then the equality trivially holds. Further,
if x1z1 > Y122 and xazo > yoz1, then [[x;[[2z; > [lvillz; and this implies

[Tz > ITwi-



10 ROSTISLAV HORCIK AND PETR CINTULA

The following theorem is a consequence of the previous examples. Let PE/,
PL, and [0, 1]g respectively denote the quasi-variety of PL’-algebra, the variety of
PL-algebras, and the variety generated by [0, 1]g resp.

THEOREM 3.15. The following holds:
(1) PL/ is not a variety.
(2) PL' S [0,1]s & PL.

Proof. (1) The proof can be found in [19, Theorem 3.1]. However, we give a
very simple alternative proof: Example 3.13 shows that PL’ is not closed
under HSP, so it is not a variety.

(2) The first inequality is a consequence of Theorem 3.8, the second is obvious.
The strictness of the first inequality is demonstrated by Example 3.13 and
the strictness of the second one is demonstrated by Example 3.14.

O

REMARK 3.16. The fact that the variety of PL-algebras is not generated by [0, 1]g is
already mentioned in Montagna’s paper [17, Problem 1], but there is no proof, only a
reference to Isbell’s paper [15]. In that paper, Isbell proved that the equational theory
of formally real f-rings (lattice-ordered rings satisfying all lattice-ring identities that
are true in a totally-ordered field) does not have a finite base, or even a base with
a finite number of variables. Thus it seems to us that the connection between the
second part of Theorem 3.15 and Isbell’s paper is not so straightforward. For this
reason, we gave an alternative proof of the second part of Theorem 3.15 which is
easier for the reader to follow.

3.3. Completeness. In this section, we are going to deal with the strong com-
pleteness theorem for PL and PL’ logic. We start with the proof of soundness and
then we introduce Lindenbaum PL-algebra and PL/-algebra.

THEOREM 3.17. PL logic is sound w.r.t. PE-algebras, i.e. if @ is a theorem of
PL then ¢ is an L-tautology for each PEL-algebra L.
Furthermore, PE' logic is sound w.r.t. PE -algebras.

Proof. Let L be a PL-algebra. Since L* is an MV-algebra, we know that the
axioms of Lukasiewicz logic hold in L and modus ponens is a sound deduction rule.
Axioms (P1)—(P3) and (P5) are obviously L-tautologies (cf. conditions (1)—(4) in
the definition of PL-algebra).

We check L-tautologicity of (P4). By Proposition 2.3,4, we know that a ® b —
a=1ifa®b<a=a0®1 Now using [17, Lemma 2.9(ii)], the proof of the first
statement is done.

To prove the second statement, just observe that the rule (ZD) is obviously sound
in each PL/-algebra. O d

This theorem has two important corollaries. The first states the connection of
our logics and Lukasiewicz logic and the second is the promised proof that the
deduction theorem does not hold in PL/.

COROLLARY 3.18. PL and PE' are conservative extensions of Lukasiewicz logic.

Proof. We show the proof for PL. The proof for PL’ is analogous. Let ¢ be a for-
mula of Lukasiewicz logic which is a theorem of PL. Due to 3.17, ¢ is an L-tautology
for each PL-algebra L. Thus it is a tautology in the standard PL-algebra. Since ¢
is a formula of Lukasiewicz logic, it is also a tautology in the standard MV-algebra.
Using the standard completeness theorem of Lukasiewicz logic we conclude that ¢
is a theorem of Lukasiewicz logic. ] O
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COROLLARY 3.19. PE does not satisfy the deduction theorem in the same form
as PL.

Proof. Since obviously {—(v ®v)} F —w, the deduction theorem would give us that
for some n the formula (=(v ® v))" — —w is a theorem of PL’. Hence (=(v ®
v))" — —w is [0,1]s-tautology (by the latter theorem), i.e., there is n such that
(=(z@x))™ < —z for each x € [0,1]. Notice that the derivatives of (=(z ® x))" and
-z at the point 0 are equal to 0 and —1, respectively. Thus for each n, there is «
such that (=(z ® x))"™ > —z, a contradiction. O O

DEFINITION 3.20. Let € be either PL or PE' and T a theory over C. For each
formaula @, let [p]r denote the set {¢p | TF ¢ =}. Let Lt be the set of all classes
[p]T. We define the operations as: [¢|r * [Y]r = [¢ * )T, where x on the left is a
defined operation and on the right side is the corresponding connective in PL. The
resulting structure Ly = (Lp, ®,—,©,0,1) is called the Lindenbaum PL-algebra of
T-equivalent formulas.

The above definition of the operations is correct due to known properties of
Lindenbaum MV-algebra and theorem (TP4).

LEMMA 3.21. Let @ be either PL or PE' and T a theory over C. Then Lt is a
C-algebra. Furthermore, Lt is a linear C-algebra iff T is complete.

The proof is a straightforward generalization of the proof of an analogous lemma
for BL-algebras (see [11]). Now we are ready to prove the strong completeness
theorem.

THEOREM 3.22 (Strong Completeness). Let C be either PL or PE', T a theory
over C, and ¢ a formula. Then the following are equivalent:
(1) Tk,
(2) e(p) = 1y for each linearly ordered C-algebra L and each L-model e of
theory T,
(3) e(p) =1L for each C-algebra L and each L-model e of theory T.

Proof. The implication (1=-2) follows from soundness (Theorem 3.17).

We prove the implication (2=-3) indirectly. Assume there is a C-algebra L and
an L-model e of theory T such that e(yp) < 1y,. Since L is the subdirect product
of the family (A;);er of linearly ordered C-algebras (cf. Theorem 3.9), there must
be an index i and a projection 7 : L. — A; such that 7 o e is a model of T" and

roe(p) < la,.
Finally, we prove the implication (3=-1). Assume that T I/ ¢ and Ly is the
Lindenbaum algebra of T. Define the Lp-evaluation e by e(v) = [v]y. Since

e(p) = [¢]r, e is an Ly-model of T'. Since e(¢) < 1L, the proof is done. O O

COROLLARY 3.23 (Completeness). Let € be either PL or PL' and ¢ a formula.
Then the following are equivalent:

(1) €k o,

(2) ¢ is an L-tautology for each C-algebra L,

(3) ¢ is an L-tautology for each linearly ordered C-algebra L.

The question whether our logics possess the standard completeness is answered
by the following two theorems. The first is a consequence of Theorem 3.15. The
proof of the second is based on Theorem 3.8.

THEOREM 3.24. PL-logic does not fulfil the standard completeness property.

THEOREM 3.25 (Finite Strong Standard Completeness). Let T be a finite theory
over PEL' and ¢ be a formula. Then
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(1) T+ p iff e(p) =1 for each [0,1]s-model e of theory T,
(2) PL'F o iff ¢ is [0, 1]s-tautology.

Proof. (1) One direction is obvious. To prove the second, recall that if Tt/ ¢
then there is a linearly ordered PL’-algebra L and an L-model e of theory T such
that e(¢) < 1. Let us denote by ty the term corresponding to the formula .
Then the inequality e(y) < 1p, is equivalent to the fact that the quasi-identity
Nyer(ty = 1) = (t, = 1) is not valid in L (the symbols / and = stand for the
classical logical connectives). Due to Theorem 3.8, the same quasi-identity does
not hold in [0, 1]s and the rest of the claim easily follows.

(2) Trivial. O O

COROLLARY 3.26. The logic PE' is strictly stronger than the logic PL.

At the end of this section we present a corollary of the strong completeness
Theorem 3.22, namely the analogy of Theorem 3.4 for the PL’ logic, we promised.

THEOREM 3.27. Let T be a theory over PEL or PL and ¢ a formula such that
Tt/ @. Then there is a complete supertheory T such that T’ t/ .

Proof. We show the proof for the PL’ logic. Since T I/ ¢, there is a linearly ordered
PL/-algebra L and the L-model e such that e(¢) < 1r. Take T" = {¢ | e(¢)) = 1L}.
Observe that T' C T (because e is the L-model of T) and T t/ ¢ (if TV F ¢
then e(p) = 1 (due to the completeness theorem)—a contradiction). Finally, T is
complete (each pair (¢, 1) satisfies either e(y) < e(¢) or e(¢) < e(p), thus either
p—=veT orp —peT). O O

4. PLA LOGIC

In this section, we extend the language of PL logic by a unary connective A and
introduce PLa logic. The connective was introduced in Goédel logic by Baaz (see
[1]) and generalized to BL by Hdjek (see [11]).

DEFINITION 4.1. Let € be either PL or PL'. The Ca logic results from C by
adding azioms (EA1) — (EA5) and the deduction rule of necessitation.

LEMMA 4.2. The formulas Np R = Np A and Np ©9 = Ao Ay are theorems
of the PL logic.

Proof. The first formula is the known theorem of L. For the proof of the second
one, use the first formula and theorem (TP5). O

THEOREM 4.3. The PL5 logic can be equivalently defined as an extension of PEa
by the following axiom:
(PA) A=(p© @) = —p.

Proof. Firstly, we show that the deduction rule (ZD) can be derived in PLa ex-
tended by axiom (PA). Let =(¢ ® ¢) be a theorem. Then A—(¢ ® ¢) is a theorem
as well and so —¢ is provable (by modus ponens and axiom (PA)).

Converse direction: It is sufficient to prove —(—(PA) ® =(PA)) (let us denote
this formula by F'). Then proof is done by the use of (ZD). Observe that —=(PA) =
A=(p®p)R¢p. Thus by Lemma 4.2 we get —F = (A=(p@p)Ap) O(A=(e0p)Ap).
After repeated use of theorem (TP6) we get =F = (A—(p ® ¢) ®@ A=(p ® ¢)) A
(L0 p) Op) A (PO A-(pO @) Ap© ).

By use of Lemma 4.2 we may write =F = A=(p ® ¢) A @ A (p ® ¢). Finally,
by the obvious fact that p A (¢ @ ¢) = ¢ ©® @ is a theorem (use (H9), (H5)) and
using Lemma 4.2, we get F = (A= (00 p) @ (p©¢)) = A=(p@p) = =(p © ).
Since A=(p ® ¢) = —(p ®@ ) is an instance of axiom (LA3), the formula F is a
theorem. U O



PRODUCT LUKASIEWICZ LOGIC 13

Due to the previous result, we can prove the deduction theorem for PLA and
PL/, in the same way as for La. See [11, Theorem 2.4.14] for details.

THEOREM 4.4 (Deduction theorem). Let T be a theory over PLa or PLa and ¢,
¥ be formulas. Then TU{p} o iff TH Np — 1.

Now let us introduce the algebras corresponding to PLa and PE/,.

DEFINITION 4.5. A PEa-algebra is a structure L = (L, ®, -, ®, A\, 0, 1), where the

reduct L* = (L, ®, -, A\, 0,1) is an MV a-algebra and the reduct L= (L,®,—,0,0,1)

is a PL-algebra. A PL, -algebra is a PEa-algebra where the following identity holds:
(1) A=(p©p)=A-p.

It can be shown that our PL/.-algebras and PMV a-algebras defined in Mon-
tagna’s paper [18] coincide. Montagna proved that there is a categorical equiva-
lence between categories of PMV a-algebras and 6- f-rings (f-rings extended by an
operation corresponding to A).

An alternative way to introduce PL/\-algebras is to define PL/,-algebras as
PL a-algebras satisfying quasi-identity (5) from Definition 3.5. The proof that both
definitions coincide is easy.

REMARK 4.6. If (L,®,—,®,0,1) is a linearly ordered PL-algebra, then we may
introduce the operation A by setting A(z) = 1 iff c = 1 and A(z) = 0 otherwise
(see [11]). Then the structure (L,®, -, ®, A, 0,1) is a linearly ordered PL -algebra.

EXAMPLE 4.7. According to Remark 4.6, we may extend the definition of the
standard PL-algebra [0,1]s by A. Then we obtain the standard PEa-algebra which
we denote [0,1]sa = ([0, 1],®,-,©,A,0,1).
THEOREM 4.8. Every PLa-algebra is a subdirect product of linearly ordered PEa -algebras.
Proof. Just observe that the following formula holds in every PLa-algebra:

A=y ADa=b)<(@0a)=(yob).
Indeed, by (TP4) we get (z = y)® (a =b) = (x @ a) = (y ®b) = 1. Then by
(A5) and Proposition 2.5 we obtain Az =y) A A(a =b) < A((x @ a) = (y ©b)).
Finally we use (A3).

Thus we have satisfied the conditions of [7, Lemma 3] and we can follow the
proof of [7, Theorem 4]. O O

As the corollary, we obtain the subdirect representation theorem for
PL/, -algebras which was already proven by Montagna in [18, Proposition 2.4 (i)].

COROLLARY 4.9. Every PL. -algebra is a subdirect product of linearly ordered
PL/. -algebras.

THEOREM 4.10 (Strong Completeness). Let C be either PLan or PL,, T be a
theory over C and ¢ be a formula. Then the following are equivalent:
(1) Tk,
(2) e(p) =1L for each C-algebra L and each L-model e of theory T,
(3) e(p) = 1L for each linearly ordered C-algebra L and each L-model e of
theory T'.

Proof. The implication (1=-2) is soundness which is obvious. The implication
(2=-3) is trivial. Finally, we prove the implication (3=>1). Assume T I/ ¢. Then
we found a complete supertheory T’ I/ ¢ (this can be done by the straightforward
modification of Theorem 3.4—due to the deduction theorem). Let us take the Lin-
denbaum C-algebra Lp of T” (its construction is analogous to the construction of
the Lindenbaum PL-algebra). Then Lp- is linearly ordered and e(v) = [v]p is
obviously an Lyzs-model of T”. Since e(y) < 1t , the proof is done. O O
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THEOREM 4.11. The PLE\ logic is strictly stronger than PLa logic.

Proof. This as an obvious consequence of Corollary 3.26. However, the connective
A allows us to find a simpler proof. According to Remark 4.6 and Example 3.13,
we have a PLa-algebra L with an element ¢ > 0 such that ¢ ® ¢ = 0. Then
—c = (00 — ¢) < 00, thus A—c = 0. Since (¢ ® ¢) = 0o and so A(=(c ® ¢)) = oo,
we know that the axiom (PA) is not an L-tautology. Thus (PA) is not a theorem
of PLA. 0 0

THEOREM 4.12 (Finite Strong Standard Completeness). Let T be a finite theory
over PL\ and ¢ be a formula.

1. PE, & ¢ iff ¢ is the [0,1]sa-tautology.
2. Ty iffe(p) =1 for each [0,1]san-model e of T

Proof. (1): Montagna and Panti proved that the standard PL/; -algebra [0,1]sa
generates the whole variety of PL/,-algebras (see [20, Theorem 2.4]). Thus the
statement follows easily.

(2): Again we prove the non-trivial implication only. Let T = {p1,...,0n}
and let e be an [0,1]sa-evaluation. Firstly, if e is a [0, 1]sa-model of T, then
e(p) = 1. Thus e(Ap1 ®---@Ap,, — ) = 1. Secondly, if e is not a [0, 1]ga-model,
then e(Ap; ® - @ App, — @) = 1 as well. Thus A1 @ - @ Ap, — pis a
[0,1]sa-tautology and by (1): PLA F Ap1 @ - @ Ag,, — ¢. Thus T F Apy ®
< ® A, — @ and, because T F Apy @ - - - @ Ay, the proof is complete. O O

Now we summarize known facts about connections between our logics and Lu-
kasiewicz and LII logic.

THEOREM 4.13.

(1) PL, PL', PLa, and PL\ logics are conservative extensions of Lukasiewicz
logic.
(2) PLa and PL'\ logics are conservative extensions of Lukasiewicz logic with A.
3) PLa logic is a conservative extension of PL logic and PE . logic is a con-
A
servative extension of PE' logic.
(4) PL\ logic is not a conservative extension of PL logic.
5) LII logic is a conservative extension of PE' and PE.\ logics.
g A 09
(6) LII logic is not a conservative extension of PL and PLa logics.

Proof. (1): For PL it is already proven in Theorem 3.18, the proof for the remaining
logics is analogous.

(2) Analogous to (1).

(3) Tt follows from the fact that we can extend each linearly ordered PL-algebra
by A and from the completeness theorems for both logics.

(4) Since PL/, is a conservative extension of PL’ and PL’ is strictly stronger
than PL, the proof easily follows.

(5) A consequence of Theorems 2.8, 3.25, and 4.12.

(6) A consequence of (5) and the fact that PL is strictly weaker than PL/\ (and
that PL is strictly weaker than PL’). O O

5. PAVELKA STYLE EXTENSION OF PL

In this section we add rational constants into our language together with the
book-keeping axioms. Rational Pavelka logic (RPL) was introduced in the series
of papers by Pavelka [22] and simplified to its modern form in [11]. RPL has
interesting properties and has been widely studied.
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A lot details about this logic can be found in the recent book by Novak, Perfilieva
and Mockof [21]. In this section we will fix the algebra of truth values to the
standard algebra of the respective logic.

DEFINITION 5.1. Let £ be one of the logics PL, PL', PLa, PLx. The language
of the logic RPL arises from the language of £ by adding a truth constant 7 for
each r € QN[0,1]. The notion of evaluation extends by the condition e(T) = r. The
azxioms of RPL logic are the axioms of L plus the following book-keeping axioms
for each rational r,s € [0,1] :

(F®35) = min(l,r+s),

(Tos) =73,

-r=1-r,

AT = Ar (in the case of RPPLA and RPPL),).

The deduction rules of RPL are the same as the deduction rules of L. The logics
RPPLA and RPPL,\ have one additional infinitary deduction rule (IR):

from T — ¢ for all r < 1, derive .

Since we added the infinitary deduction rule IR, we have to change the notion
of proof. Let T be a theory, then the set Crp(T) of all provable formulas in T is
the smallest set of formulas, which contains 7', axioms of RPL and is closed under
all deduction rules. For simplicity, we shall write T'F ¢ to denote ¢ € Crps(T).

Now we have to prove that our infinitary deduction rule doesn’t violate the
deduction theorem. We cannot use the standard way of proving this theorem since
our notion of proof is now different.

THEOREM 5.2 (Deduction theorem). Let ¢ and ¢ be formulas.

(1) Let T be a theory over RPPE. Then T U {p} F 9 iff there is n such that
TEHE" =1

(2) Let T be a theory over RPPLA or RPPL\. Then TU{p} F ¢ iff T +
Np — .

Proof. Statement 1 is proved as usual (see [11, Theorem 2.2.18]).

Statement 2 is more complex because of the infinitary deduction rule (IR). We
prove this for RPPLA (the proof for RPPL/, is analogous). Let K = {¢ | Ap —
¥ € Crps(T)}. We shall show that K = Crps(T U {¢}). One direction—K C
Crp(T U {p})—is obvious. We prove the reverse direction by showing that K
is a set containing T'U {p}, axioms of RPL and closed under all deduction rules.
The first two conditions obviously hold. We prove that K is closed under modus
ponens. Assume ¥,) — x € K. Then T+ Ap — Y and T F Ap — (¥ — x).
Thus T H Ap ® Ap — ¥ @ (¢ — x) which leads to T F Ap — x. Hence x € K.

Now we prove that K is closed under the necessitation. Assume ¢ € K. Then
TkH Ap = . Thus T F A(Ap — ) (because Crps(T) is closed under the
necessitation). Then T F AAp — At (by axiom (LA5)) which leads to T'
AN — A (by axiom (LA3)). Hence Ay € K.

Finally, we prove that K is closed under (IR). Assume 7 — ¢ € K for each
r < 1. Then T+ Ay — (F — 1) which leads to T F 7 — (Ap — 1) for each r < 1.
Since Crps(T) is closed under (IR), we get T'F Ay — 1. Hence ¢ € K.

O

DEFINITION 5.3. Let £ be one of the PL, PL', PLa, PE,, and T a theory over
RPL and ¢ be a formula.
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(1) The truth degree of ¢ over T is ||¢||r = inf{e(p) | e is a model of T} (by the
word “model” we mean the [0,1]g-model in the case of RPPL, RPPL', and the
[0,1]sa-model in the case of RPPLA, RPPL, ).

(2) The provability degree of ¢ over T is |p|r =sup{r | TFT — ¢}.

LEMMA 54. Let T be a theory over either RPPLA or RPPL), and ¢ a formula.
Then |plr =1 4f T+ .

Proof. Since ||y =sup{r |T+F7 — ¢} =1, TFT — ¢ for all r < 1. Thus by the
deduction rule (IR) we obtain T+ ¢. The reverse implication is trivial. O O

LEMMA 5.5. Let £ be one of the PL, PEn, PE\. Let T be a consistent complete
theory over RPL. Then
(1) For each @, || =sup{r|T -7 — ¢} =inf{r|T + ¢ — T}.
(2) The provability degree commutes with all connectives, i.e.,
I=elr =1 —=lolr, o = dlr = lolr = [Ylr, lp © Yl = |plr © [¢]r.
Moreover, in the case of RPPLA and RPPL',, the following holds:

[Aplr = Dlglr.
Thus the evaluation e(v) = |v|r is a model of T.

Proof. (1) See [11, Lemma 3.3.8(1)].

(2) For the proofs for negation and implication see [11, Lemma 3.3.8(2)]. The proof
for ©: |o|lr @ [Y|lr =sup{r|T+7 = ¢} Osup{s|T+5 = ¢} =sup{ros|THT —
0, TESs—= Y} <sup{ros|TFTO3 — ¢ ® 1} (since we know that if T 7 — ¢
and THS— ¢ then THTO®3 — ¢ ® 1, cf. theorem (TP3)). Conversely, assume
that |pl7 © [W|r <t <t < |p ® ¢¥|r. Then there are r,s such that t = r ©@ s,
r > |o|lr, and s > |¢|p. Dueto (1), T+ — 7, T F ¢ — 5. Using (TP3) we
get T p®1y — t. We also know that T -t/ — ¢ ®¢. Thus T -t/ — .
Since t/ —t < 1, we get that T is inconsistent, a contradiction. If T F t/ — ¢,
then THt - t®...®t — t for any n-fold conjunction. As ® is an Archimedean
t-norm, T F 0.

Finally, we have to show the proof for A. Firstly, assume |p|r < 1. Then
Alplr =0 and T + ¢ — 7 for some r < 1 (cf. (1)). Further, T+ A(¢ — 7) and
T+ Ap — 0 (by necessitation, axiom (A5), and the book-keeping axiom for A).
Thus |Ap|r = 0 as well.

Secondly, assume that |p|r = 1. Then Alp|r = 1 and, by Lemma 5.4, T F ¢.
Thus T+ Ap and |Ap|r =1 as well. d d

THEOREM 5.6. Let £ be one of the PL, PL', PLn, PL, and T a theory over
RPL and ¢ be a formula. Then |o|r = ||o]|7-

Proof. For RPPL, RPPLA, and RPPL/,, see the proof of completeness of RPL [11,
3.3.9].

For RPPL’, we have the following chain of inequalities: ||¢||lr = |¢|r < ||y <
llol|r, where |@|r and |¢|% is the provability degree in RPPL, RPPL/, respectively
(analogously for the truth degrees). Since |||z = ||l¢llrs lelr = llelly O O

REMARK 5.7. The proof of Pavelka style completeness for RPPL could be obtained
as a corollary of [21, Corollary 4.6], but this is not possible for RPPLA and RPPE,. .

We can also obtain Pavelka style completeness for RPPL from [11, Section 3.3],
where the author defines the logic RPL(®). It is Lukasiewicz logic plus book-keeping
axioms of RPPL and the axioms:

(p—=v) = (pOX—=YOX),
(p—=1) = (XOp—=>Xx0Y).
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This logic enjoys the same Pavelka’s style completeness as RPPL (see [11, Theorem
3.3.19]).

Thus we have three different logics, namely RPPL, RPPE', RPL(®). All of them
enjoy the same Pavelka’s style completeness. However, the question whether these
logics (as sets of theorems) coincide seems to be open for us.

Now we prove the strong standard completeness for RPPLA and RPPL/\ and
show that these logics coincide.

THEOREM 5.8. Let T be a theory over RPPLEA or RPPE, and ¢ be a formula.
Then T+ ¢ iff e(p) = 1 for all standard models e.

Proof. The proof follows from Theorem 5.6 and Lemma 5.4. O O

COROLLARY 5.9.

(1) The RPPLA and RPPL; logics coincide.

(2) RPPL' is a conservative extension of PL' and RPPLa is a conservative
extension of PL,.

(3) RPPLA is a conservative extension of RPL.

(4) RELII is a conservative extension of RPPLA.

Proof. (1) This is an obvious consequence of the latter theorem and the fact
that standard algebras for these logics are the same.

(2) Let ¢ be a formula of the language of PL’ such that RPPL’ - ¢. Then ¢
is a [0, 1]g-tautology. By Theorem 3.25 we get that PL' F ¢ (for RPPL/,
the proof is analogous).

(3) As RPL also enjoys standard completeness (cf. [11, Theorem 3.3.14]), we
may proceed in the same way as in 2.

(4) Tt is the consequence of [7, Corollary 5] and the latter theorem. O

O
6. THE PREDICATE LOGICS

This section deals with a predicate version of the PL, PLA and PL/, logics. The
following definitions are analogous to the definitions of the corresponding concepts
in [11].

DEFINITION 6.1. A predicate language is a pair (P, A), C), where P is a
non-empty set of predicates, each predicate P together with a positive natural num-
ber n = A(P) called the arity of P, and C is a potentially empty set of the object
constants. The logical symbols are object variables x, y, ..., logical connectives
®,-, ® (and A in case of PLa or P, logic), truth constant 0 and the quantifier
Y (the quantifier 3 is defined as —V-).

DEFINITION 6.2. Terms of the predicate language I = (P, A), C) are the object
constants and variables. Atomic formulas have the following form: P(t1, to, ..., t,),
where P is a predicate, n its arity, and ty, to, ..., t, are terms. The truth con-
stants are atomic formulas as well. Let @ and v be formulas, © an object variable.
Then @Y, —p, Y, (Vr)e (and Ap in case of PLa or PL, logic) are formulas.
Each formula is constructed from the atomic formulas by iterating these rules.

DEFINITION 6.3. Let I be a predicate language, C either PL, PLa or PL),, L
a linearly ordered C-algebra. An L-structure M for I has the following form M
= (M, (rp)pep, (mc)eccc), where M is a non-empty domain, rp is n-ary fuzzy
relation M™ — L for each n-ary predicate P from P, and m. € M for each object
constant ¢ from C.
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DEFINITION 6.4. Let I be a predicate language, C either PL, PLa or PL,, L
a linearly ordered C-algebra and M an L-structure for I. An M-evaluation of the
object variables is a mapping v from the set of the object variables into the domain
M. Let v and v’ be two M-evaluations. Then v =, v' means that v(y) = v'(y) for
each object variable y different from x.

DEFINITION 6.5. Let I be a predicate language, © either PL, PLn or PL,, L a
linearly ordered C-algebra, M an L-structure for I, v an M-evaluation. The value
of the term is defined as follows: ||z||§y , = v(x) and ||c||}g, = me. A truth value
of the formula ¢ in M for an evaluation v is defined as follows:

1Pt to, -y ta)llbne = 7P(ltlIRr0e fE2llRres - s [1EnllNe.)
le @ Yl¥1e = lellin. @ ¥l
I=ell¥ee = el
e ®||¢I§4,U = lell¥t0 @ [1¥]30 »
0 My 07
||A‘PHIMU = A||<,0||Il\‘/[7v7 in the case of PLa or PL, ,
(Va)pllfr, = inf{llel[Nre [0 =0 v}

If the infimum does not exist, we take its value as undefined.

DEFINITION 6.6. Let I be a predicate language, C either PL, PLa or PL,, L a
linearly ordered C-algebra, M an L-structure for I and ¢ a formula of I. A truth
value of the formula ¢ in M is defined as follows:

llellfg = inf{[|¢lI}x,, | v is an M-evaluation}.

We say that M is a safe L-structure, if H<p||11\‘/[7v is defined for each ¢ and v, and
that ¢ is an L-tautology if ||¢||% = 1 for each safe L-structure M.

LEMMA 6.7. Let I be a predicate language, C either PL, PEa or PLx, L a linearly
ordered C-algebra, M a safe L-structure for I, and v an M-evaluation. Then

132)¢l Ry, = sup{llellXe | v =o v}

Proof. We start with the proof that inf =b, = -~ supb,,. First, we show that —sup b,
is a lower bound: b, < supb, for each v iff —b, > —sup b, for each v.

Second, we show that —supb, is the greatest lower bound. Let us suppose
z < b, for each v. Then -z > b, for each v. Hence —z > supb, and obviously
z < =sup b, for each v.

The proof can be completed by the following set of equations: |[(3z)e||yy,,

= [I=((V2)=pllfy,, = ~inf{=llolg v =2 v} = == sup{l|el[Ry v =2 v} =
sup{|el[Np, [0 == v} = =

Here we finally define the axiomatic system of our predicate logic. For the fol-
lowing definition, we suppose that the reader is familiar with the notion of free and
bounded occurrence of an object variable in a formula and the notion of substi-
tutable term into the formula ¢.

DEFINITION 6.8. Let C be either PL, PLa or PL,, and I be a predicate language.
The logic CV isgiven by the following axioms and the deduction rules:

(i)  the formulas resulting from the axioms of C by the substitution
of the propositional variables by the formulas of I,

(i) (V1) (Vz)p(x) = ¢(t), where t is substitutable for z in ¢,

(i) (V2) (Vz)(x — ¢) — (x = (Vx)p), where x is not free in x,

(iv)  deduction rules are modus ponens, generalization (from p(z) infer
(Vz)p(x)), and necessitation of A in case of PLa or PL), logic.
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LEMMA 6.9. Let € be either PL, PLa or PL\. Then the logical axioms of quanti-
fiers are L-tautologies for each linearly ordered C-algebra L and the deduction rules
are sound.

Proof. The axioms (V1) and (V2) are L-tautologies for each MV-algebra. Each
C-algebra is an expansion of an MV-algebra, and in both axioms only Lukasiewicz
connectives are used (as structural connectives between formulas ¢ and x; the
internal structure of these formulas is unimportant), so the claim holds. Soundness
of deduction rules is obvious. (] (]

Now we are ready to prove the completeness theorem of our predicate logic. The
proof of completeness of our predicate logics is analogous to the proof of complete-
ness of the basic predicate logic (cf. [11, Theorem 5.2.9]).

We need to recall the definition of theory and of complete and consistent theory
from propositional logic. These definitions remain as they stand, with only one
exception—we restrict ourselves to the theories of closed formulas.

We also need to give a definition of model.

DEFINITION 6.10. Let I be a predicate language, C either PL, PLn or PL\, L a
linearly ordered C-algebra, M an L-structure for I, and T a theory over CV. Then
we say that M is an L-model of T if ||¢||Xy = 1 for each ¢ from T.

THEOREM 6.11 (Strong Completeness). Let I be a predicate language, C either PL,
PEA or PE,, T a theory over €V, ¢ a closed formula. Then T+ ¢ iff o]k = 1
for each linearly ordered C-algebra Li and each safe L-model M of T.

Proof. Inspect the corresponding proof for the basic predicate logic in [11, Section
5.2]. O O

THEOREM 6.12. It holds:

(1) PLAY logic is a conservative extension of PEY logic.

(2) PELV logic is strictly stronger than PEAY logic.

(3) LIV logic is a conservative extension of PE\V logic."
(4) LIIV logic is not a conservative extension of PLAY logic.

Proof. (1) It follows from the fact that we can extend each linearly ordered PL-algebra
by A and from the completeness theorems for both logics.

(2) An obvious consequence of Theorem 4.11.

(3) As it was shown by Montagna (cf. [19, Theorem 4.2]), the PL’-algebras are
exactly subreducts of LII-algebras, thus obviously PL/, -algebras are also subreducts
of LII-algebras. In other words, we can extend each linearly ordered PL/, -algebra
to an LII-algebra. The completeness theorems for both logics complete the proof
(cf. Theorem 6.11 and [3, Corollary 3.1.17]).

(4) A trivial consequence of (2) and (3). O O

The questions whether PLV is a conservative extension of the Lukasiewicz pred-
icate logic, and whether LIIV is a conservative extension of PLV logic seems to be
open. The standard completeness of PLY, PLAY, and PL/\V logics is a related
problem. But this question can be answered. Here we assume that the reader is
familiar with the basic concepts of undecidability and arithmetical hierarchy ([11,
Section 6.1] is satisfactory for our needs). In the following we assume that our
predicate language is at most countable.

THEOREM 6.13. The set of [0,1]g-tautologies of PLV is Ily-complete.

IFor the definition and details about LIIV, see [3].
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Proof. The IIy-hardness is an obvious corollary of [11, Theorem 6.3.4], where it is
proven that the set of [0, 1]s-tautologies of LV is II-complete.

The fact that the set of [0, 1]s-tautologies of PLY is in Il is a corollary of
upcoming Theorem 6.19 (of the Pavelka style completeness of the extension of PLY
by rational constants). Thus we know that ¢ is the [0, 1]s-tautology iff (Vr €
QnN0,1))(3 proof w)(w is the proof of T — ¢). O O

THEOREM 6.14. The set of [0, 1]sa-tautologies of PEAY is not arithmetical.

Proof. The proof is an obvious modification of the analogous proof for product
predicate logic (see [12, Corollary 2]). O O

COROLLARY 6.15. Let C be either PL, PLa or PL,. Then the CY logic has not

the standard completeness property.

Another corollary is that all our logics (understood as sets of [0, 1] or [0, 1]ga-tautologies)
are undecidable. We present a partial answer to the problem of decidability of our
logics understood as sets of theorems.

THEOREM 6.16. Let C be either PLa or PL,. Then the CV logic (as set of
theorems) is undecidable.

Proof. The formula ¢’ is created from the formula ¢ by replacing each atomic
formula P(ty,...,t,) with the formula AP(t1,...,¢,). Notice that formula v of
a classical predicate language is provable iff formula 1)’ is provable in CAV (this is
obvious from the definition of A and completeness of the CAV). Thus if the CAV
logic would be decidable, it would be a contradiction to the undecidability of the
classical predicate logic. O O

6.1. Rational Pavelka style of predicate logic. In this section we build Ratio-
nal Pavelka’s style extension of the predicate logics defined in the previous subsec-
tion. Our approach will be analogous to the one that of Section 5. As we proved
there, adding of the infinitary rule (IR) turns the rational extensions of PLA and
PL/, into the same logics. Thus in this section we will develop only RPPLY and
RPPLAY logics. Again we restrict ourselves to the standard algebras of the truth
values ([0,1]s and [0,1]sa)-

DEFINITION 6.17. Let C be either PL or PLA.

o We extend the set of logical symbols by truth constantT for each r € QN[0, 1]
(see Definition 6.1).

o We extend the definition of a formula by a clause that T is a formula (see
Definition 6.2).

o We extend the definition of truth value by a condition ||?||11\‘/LU =71 (see
Definition 6.5).

o The logic RPCY results from CV by adding the book-keeping azxioms from
Definition 5.1 (see Definition 6.8).

o The deduction rules of RPPEN are modus ponens and generalization, the
deduction rules of RPPLAY are modus ponens, generalization, mecessita-
tion, and (IR) (see Definitions 5.1, 6.8).

DEFINITION 6.18. Let C be either RPPL or RPPLA. Let T be a theory over CV
and ¢ be a formula.

(1) The truth degree of ¢ over T is ||p||r = inf{||¢||Mm | M is a model ofT'}.
(2) The provability degree of ¢ over T is |p|r = sup{r | T +7 — p}.



PRODUCT LUKASIEWICZ LOGIC 21

THEOREM 6.19 (Pavelka’s style completeness). Let C be either RPPL or RPPLA.
Let T be a theory over CV and ¢ be a formula. Then

lellr = lelr.
Proof. Inspect the corresponding proof of RPLY in [11, Section 5.4]. The crucial
point is [11, Lemma 5.4.7]. The necessary modification of the proof of this lemma
is done by means of Lemma 5.5. ] (]

LEMMA 6.20. Let T be a theory over either RPPLAY and ¢ be a formula. Then
lplr =1 f T+ .
Proof. An analogy of the proof of Lemma 5.4. O d

THEOREM 6.21 (strong standard completeness). Let T' be a theory over RPPEAY
and ¢ be a formula. Then T ¢ iff ||¢||lm = 1 for all standard models M.

Proof. The proof can be done by a straightforward application of Theorem 6.19
and Lemma 6.20. O O

COROLLARY 6.22. RLIIY is a conservative extension of RPPLAY.?
Proof. Tt is the consequence of [3, Theorem 3.2.6] and the previous theorem. O O

At the end of this section we prove a consequence of the standard completeness
of RPPLAY. We make a small modification of the language of RPPLAY and show
that the resulting logic T'T coincides with the famous logic of Takeuti and Titani.

The logic TT results from RPPLAY by omitting truth constants 7 such that r
can not be expressed in the form zﬁn In other words, we may say that the logic
TT has only one additional truth constant, %,
defined by using the connectives of PLAV.

Now we can easily prove the analogy of Theorem 6.21 for T7T. Just go through
the proofs leading to this theorem and notice that the set of truth constants in T7T
is dense (as in the case of RPPLAY). Thus all the proofs will be sound for TT as

well. This gives us the following corollary:
COROLLARY 6.23. RPPLAY is a conservative extension of TT.

Takeuti and Titani’s logic was introduced by Takeuti and Titani in their work
[23]. Tt is a predicate fuzzy logic based on Gentzen’s system of intuitionistic predi-
cate logic. The connectives used by this logic are just the connectives of RPPLAY
logic. This logic has two additional deduction rules (named R1, R2) and 46 axioms
(namely F1 — F46). We will not present the axiomatic system and we only recall
that this logic is sound and complete w.r.t. the standard PLa-algebra (cf. [23,
Theorem 1.4.3]). All this leads us to the following conclusion:

THEOREM 6.24. Takeuti and Titani logic coincides with the logic TT. Further-
more, RPPLAY logic is a conservative extension of Takeuti and Titani logic.

and the other truth constants are

This theorem allows to translate the results from the Takeuti and Titani’s logic
into our much more simpler (in syntactical sense) logical system of the TT or
RPPLAV logic. An interesting corollary of this theorem and the previous corollary
is a very simple proof of one part of [4, Theorem 10]:

THEOREM 6.25. Takeuti and Titani’s logic is contained in RLIIY logic.

<
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2For the definition and details about RELIIY see [3].
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