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Chapter 1

Polynomial rings and affine varieties

1.1 Commutative rings and fields

Definition 1.1.1 An algebra (R, +,-,0,1) is called a commutative ring if the following con-
ditions are satisfied:

1. (a+b)+c=a+ (b+c) and (ab)c = a(bc) for all a,b,c € R,
2. a+b=0b+a and ab = ba for all a,b € R,

3. a(b+c¢) = ab+ ac for all a,b,c € R,

4. a+0=a-1=aforall a € R,

5. Given a € R, there is b € R such that a + b = 0.

We will often omit the word commutative since all the considered rings in this course are
commutative.

Typical example is set of integers Z endowed with the usual addition and multiplication.

Definition 1.1.2 A commutative ring R is called a field if for all a € R\ {0} there is b € R
such that ab = 1.

Typical examples are real numbers R, rational numbers Q and complex numbers C.

Definition 1.1.3 Let R be a ring. The group of units R* is the set
R*={a€eR|(FbeR)(ab=1)}.

Proposition 1.1.4 The set R* forms an Abelian group under the multiplication from R.

PROOF: Let a,c € R*. Then there are b,d € R such that ab = 1 and ed = 1. Thus
(ac)(bd) = (ab)(cd) = 1-1 =1, i.e. ac € R*. Further, we have trivially 1 € R*. Finally,
if follows from the definition of R* that for each a € R* the corresponding b € R such that
ab =1 is the inverse of a and clearly b € R* as well. O

Example 1.1.5 Z* = {1,—1}. Let k be a field then £* =k \ {0}.

3
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Definition 1.1.6 A commutative ring R is an integral domain if whenever a,b € R and
ab = 0, then either a =0 or b = 0.

Observation 1.1.7 Let R be an integral domain and a,b,c € R, ¢ # 0. Then ac = bc implies
a=b.

PROOF: 0 = ac — bc = (a — b)c implies a — b = 0. O

Definition 1.1.8 Let R, S be rings. A mapping ¢: R — S is a ring homomorphism if
o(1) =1, ¢(a+b) = ¢(a) + ¢(b) and ¢(a - b) = ¢(a) - ¢(b) for all a,b € R. If in addition ¢ is
one-to-one and onto, then ¢ is called a ring isomorphism.

Definition 1.1.9 Let R be an integral domain. The field of fractions k£ of R is the collection
of fractions a/b with a,b € R, b # 0, and with the usual rules for addition and multiplication,

i.e.
ac a c¢ ad+bc

a c
b'd bd b d b
Note that since R is an integral domain and b,d # 0, we have bd # 0. In addition, two of
these fractions a/b and a'/b" represent the same element in k if ab’ = a'b.
Moreover, the subset {a/1 | a € R} forms an integral domain which is isomorphic to R.

1.2 Ideals

Definition 1.2.1 Let R be a commutative ring. A subset I C R is said to be an ideal if it
satisfies:

1. 0 €1,
2. ifa,bel, thena+bel,
3. ifaclTandbe R, thenb-a € I.

If I # R then [ is called a proper ideal.

Lemma 1.2.2 Ideals are closed under arbitrary intersections. If Iy C Iy C --- is an ascend-
ing chain of ideals, then | J;cy Ii is an ideal.

PROOF: Let {I) | A € A} be a family of ideals indexed by the elements of A. Then clearly
(aca Iy is an ideal. Let o € I; € --- be an ascending chain of ideals and let I = J,; 1.
Then clearly 0 € I. If a,b € I then there is ¢ € N such that a,b € I;. Thus a+b € I; C I.
Similarly, if a € I then a € I; for some ¢. Hence b-a € I; C I for any b € R. O

Definition 1.2.3 Let R be a commutative ring and S C R. The smallest ideal containing .S
is called the ideal generated by S (it is just the intersection of all ideals containing S). We
denote it by (S).

Let a1,...,an € R. We write (a1, ..., ay,) instead of ({ai1,...,an}).
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Lemma 1.2.4 Let R be a commutative ring and {a1,...,a,} C R. Then

<a1,...,an>:{2bi'aibl,...,bnER} .
=1

In particular, if a € R, then
(a)={b-a|be R}.

PROOF: First, we check that I = {>_" | b; -a; | b1,...,b, € R} is an ideal. Since > " ,0-a; =
0,wehave O € I. If b=>"" bi-a; € T and c = >, ¢;-a; € I for some b;,¢; € R. Then
b+ec=3 1" (bi+¢)a;el. Let de R. Then db=>""(db;)-a; € I. Thus I is an ideal.

Since I contains all the generators a;, we have (aj,...,a,) € I. On the other hand,
all elements of the form Y ! ,b; - a;, where bi,...,b, € R, belong to (ai,...,a,). Thus
I={ay,...,an). O

Definition 1.2.5 The ideal generated by a single element is called principal. A proper ideal
1 is called prime if ab € I impliesa € I or b € I.

Proposition 1.2.6 The following conditions on a ring R are equivalent:
1. every ideal in R is finitely generated;

2. every ascending chain of ideals In C Iy C --- becomes constant, i.e. for some m,

Ly = Ing1 =+

3. every non-empty set of ideals in R has a mazximal element (i.e. an element not properly
contained in any other ideal in the set).

PROOF: (1 = 2): If Iy € I} C --- is an ascending chain, then I = (J,cy/; is again an
ideal, and hence has a finite set {a1,...,a,} of generators. For some m, all a; € I,,,. Thus
Iy, = m+1:"':I-

(2 = 3): If (3) is false, then there is a non-empty set S of ideals with no maximal element.
Thus there must be a strictly increasing sequence Iy C I; C --- that never becomes constant.

(3 = 1): Let I be an ideal, and let S be the set of ideals J C I that are finitely generated.
Let J' = (ay,...,a,) be the maximal element of S. If J' # I, then there isa € [ and a & J'.
But J' C (ai,...,ar,a) C I (a contradiction). 0

Definition 1.2.7 A ring R is Noetherian if it satisfies the conditions of the proposition.

1.3 Principal ideal domains and unique factorization

Definition 1.3.1 An integral domain R is called principal ideal domain (PID) if each its
ideal is principal.

Theorem 1.3.2 Let R be a PID. Then R is Noetherian.
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PROOF: Trivial, since each ideal is finitely generated. O

Definition 1.3.3 Let R be an integral domain.

1.

An elements a,b € R are said to be associates if there is a unit u € R* such that a = ub.
We denote this fact a ~ b.

An element a € R divides b € R (denoted alb) if b = ac for some ¢ € R.

A non-zero non-unit element a € R is irreducible if it does not factor, i.e. @ = bc implies
b or c is a unit.

. A non-zero non-unit element a € R is prime if it generates a prime ideal, i.e. albc

implies alb or alc.

Let a,b € R. We say that ¢ € R is a greatest common divisor (ged) of a and b if |a,
c|b, and if any element d € R which divides both a and b also divides c.

Lemma 1.3.4 1. If a is prime then a is irreducible.

2. If a is prime and a|cica - - - ¢y, then alc; for some i. If each c; 18 wrreducible, then a and
¢; are associates for some 1.

3. If a ~ b, then a is irreducible (prime) iff b is irreducible (prime). In other words, if a
is irreducible (prime) and u is a unit, then au is irreducible (prime).

4. A greatest common divisor is unique up to a unit.

PROOF:

1. Suppose a = bc. Then albe, i.e. alb or alc since a is prime. Assume that alb. Then
b = ad. Consequently, a = adc which implies dc = 1. Thus ¢ is a unit.

2. By induction on n. For n = 1,2 it holds. For n > 2 we have al(c; - cp—1)cp,. Thus
alc, or alcy - cp—1. Assume that each ¢; is irreducible. We have a|c; for some i, i.e.
¢i = ad. Since ¢; is irreducible, we get that d is a unit (a is not unit).

3. Let a be irreducible and u a unit. If au = c¢d then a = u~'cd. Thus either w~'c or d is
a unit. If d is a unit, we are done. If u !¢ is a unit, then vu~'c = 1 for some v. Thus c
is a unit.

Let a be prime. If aulcd then cd = aug, i.e. aled. Thus a|c or ald, say alc. Then
c=az = (au)(u'z), i.e. aulc.

4. Let ¢ and ¢’ be two ged of a and b. Then ¢|¢ and |c, i.e. ¢ = cx and ¢ = ¢y for some

x,y. Thus ¢ = ¢y = cxy which implies 1 = zy. Consequently, x is a unit and ¢ ~ ¢.
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Definition 1.3.5 An integral domain R is called a wunique factorization domain (UFD) if
every non-zero non-unit element has unique factorization into irreducible elements, i.e. if
a=Dp1-Pn=q1" " qm, then n =m and there is a permutation o such that p; and ¢, ;) are
associates. In other words, we can reorder the factors ¢; in such a way that p; ~ ¢; for all i.

Observe that if R is a UFD and a = p; - - - p;, is a factorization into irreducible elements, then
some of the irreducible factors p; can be associates. We can group them together and write
a=upi' - pir where u € R* and s1,...,s, € N.

Example 1.3.6 The set Z is a UFD since each integer can be uniquely expressed as a product
of primes.

Lemma 1.3.7 Let R be a PID and a,b € R. Let (a,b) = (c¢). Then ¢ = gcd(a,b).

PROOF: Since a € (c), we have c|a. Similarly c|b. Let d|a and d|b, i.e. a = dy and b = dz with
Y,z € R. Since ¢ € (a,b), we get ¢ = wa+tb with w,t € R. Then ¢ = wdy +tdz = d(wy+tz),
ie. d|c. O

Lemma 1.3.8 Let R be a PID. Then a is irreducible iff a is prime.

PROOF: (<=) Follows from Lemma 1.3.4.

(=) Suppose that a is irreducible and albc. If a does not divide b then ged(a,b) = 1.
Since (1) = (a,b), we can write 1 = za + yb with some x,y € R. Then ¢ = xac + ybe. Since
albe, we get alc. O

Theorem 1.3.9 Every PID R is a UFD.

PROOF: First, we prove that a finite factorization into irreducible elements exists. Consider
all principal ideals (d) where d does not factor into a finite product of irreducibles. Since R
is Noetherian, there is a maximal such ideal (¢). The element ¢ must be reducible otherwise
it would have a factorization. Thus ¢ = ab where neither a nor b is a unit. Since each (a) and
(b) contains (c) properly (if e.g. (a) = (c), then a ~ ¢ and b ~ 1), each a and b factors into
finite product of irreducibles. This gives a finite factorization of ¢ (a contradiction).

Secondly, we deal with the uniqueness. Let p1---p, = q1 - - ¢m be two factorization into
irreducibles. We will show by induction on n that m = n and after a suitable reordering
of factors p; and ¢; are associates. Let n = 1. Then p; = ¢q1---qm. Since p; is prime and
p1lq1 - -+ gm, there is ¢ such that p; and g; are associates, i.e. ¢; = up; for some unit u. W.l.o.g.
we can assume that ¢ = 1. Thus p1 = up1g2 - - - ¢n. Consequently, 1 = ugs - - - ¢,. Hence gj,
7 > 1 are units and cannot be irreducibles.

Now assume that the claim is valid for n — 1. Since p1|q1 - - - gm, there is ¢ such that
q; = upy for a unit u. Again w.l.o.g. we can assume that ¢ = 1. Thus we have

pQ...pn_l:uq2...qm‘

By induction assumption n —1 = m — 1 and after a suitable reordering ps ~ ug2 and p; ~ ¢;
for j > 2. Thus n = m. Since py = vugs for a unit v, we get that ps ~ go. Consequently, p;
and ¢; are associates for all ¢ and the proof is done. O
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1.4 Polynomials in one variable

Definition 1.4.1 Let R be a ring. Then the polynomial ring R[X] is the collection of all
formal sums of the form ag+a; X +as X%+ - -4a, X" where a; € R. R[X] forms a commutative
ring under the usual addition and multiplication of polynomials.

The degree of a non-zero polynomial f is the largest n such that a,, # 0, and is denoted

by deg(f).
Proposition 1.4.2 If R is an integral domain, then R[X] is an integral domain.

PROOF: Suppose that f(X) =ap+ -+ ap X", ap #0and g(X) =by+ -+ + b X™, by, # 0
are non-zero polynomials. Then the (n + m)-th coefficient of fg is ay, - by,. Since R is an
integral domain, we have a,, - by, # 0, i.e. fg is not the zero polynomial. O

Observe that in this case we have deg(fg) = deg(f) + deg(g) for non-zero polynomials
fr9.

Proposition 1.4.3 Let R be an integral domain. Then R[X]* = R* (if we identify the
elements of R with the constant polynomials in R[X]).

PROOF: Clearly R* C R[X]|*. Let f € R[X] be a non-constant polynomial (i.e. deg(f) > 1).
Consider fg for g € R[X]. If g = 0 then fg = 0. If g # 0 then deg(fg) = deg(f) + deg(g) >
deg(f) > 1. Thus in both cases fg # 1, i.e. f & R[X]*. O

Proposition 1.4.4 Let k be a field and f,g € k[X], g # 0. Then there exists unique polyno-
mials q,r € k[X] such that f = gq+ r and deg(r) < deg(g).

Theorem 1.4.5 Let k be a field. Then k[X] is a PID.

PROOF: Let I be an ideal in k[X]. The case I = {0} is trivial. Assume that I # {0}. Let
g € I be an element of the smallest degree > 0. Consider any f € I. Then f = gg + r and
deg(r) < deg(g). But r = g¢ — f € I. Since g has the smallest degree, it follows that r = 0.
Thus f = gq, i.e. I = (g). O

Corollary 1.4.6 Let k be a field. Then k[X] is a UFD.

1.5 Polynomials in more variables

Let X1,..., X, be variables. A monomial in X1,..., X, is an expression X|"* - X3?..- X",
where ai,...,a, € N. Let @ = (o,..., ) then we simply write X instead of X7 -
X5 Xom.

Definition 1.5.1 Let R be a ring. A polynomial f in X1,..., X, with coefficients in R is a
finite linear combination of monomials, i.e.

f:ZaOéXa) a’OéeR7
«
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where the sum is over a finite number of n-tuples a = (a1,...,a,) € N*. The set of all
polynomials in Xy, ..., X, is denoted R[X1,...,Xp,].

An example of polynomial from Z[ X1, Xo, X3] is for instance
f=2X3X3+5X1X,X3 — XSX2+13.
Observe that
f=(2X7) X3+ (5X1X2) X3+ (—X3) X35 + (13) X3 = (2X7 +5X1 X2) X3+ (—X5) X5 + (13) X7,
and 2X3 +5X; X2, —X$, 13 are polynomials in Z[X;, X3].
Observation 1.5.2 Let R be a ring. Then R[X1,...,X,] = R[X1,..., Xn-1][Xy], i.e. each

element f € R[X1,...,X,] can be expressed as follows:

f fi(X1,.., Xn1)X2, fi € R[X1,...,Xn-1], deN.

Il
o,
I M&
o

Corollary 1.5.3 Let R be a ring. Then R[X1,...,X,] is a ring as well. In addition, if R is
an integral domain, then R[X1,...,X,] is an integral domain.

PROOF: By induction on the number of variables. O

Let k be a field. Then k[Xi,...,X,] is an integral domain whence it has the field of
fractions. We denote it by k(X1,..., Xp).

Proposition 1.5.4 R[X1,...,X,]* = R*.

PROOF: By induction and Proposition 1.4.3. a

1.6 Unique factorization domain

In this we are going to prove that also k[Xi,...,X,] is a UFD for a field k. Observe that
k[X1,...,X,] isno more a PID. To see this, consider the polynomial ring k[ X, Y] and the ideal
(X,Y). Assume that there is f(X,Y) such that (f) = (X,Y). Then X = ¢(X,Y) - f(X,Y)
and Y = h(X,Y) - f(X,Y) for some g,h € k[X,Y]. Let us see f, g as elements from k[X]|[Y].
Then

0 = deg(X) = deg(g - f) = deg(g) + deg(f).
Thus deg f = 0 which implies that f is a constant polynomial, i.e. a member of k[X].
Similarly, deg(f) = 0 for f seen as an element of k[Y][X], i.e. f € k[Y]. Consequently, f € k.

Thus (f) = k[X,Y]. However, (X,Y) # k[X,Y]. If they would be the same ideals, then
1=f(X)Y) - X +g(X,Y) Y for some f,g € k[X,Y] which is a contradiction.

Proposition 1.6.1 Let R be a UFD and a,b € R. Then ged(a,b) exists.
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PROOF: Let a = up('---pi» and b = vpi' ---pi», u,v € R* (allow the exponents to be 0, to
use a common set of irreducibles to express both a and b). We claim that ged(a, b) is

g= pllTlin(ThSl) .. ‘pglin(rn,sn) ]
Clearly gla and g¢|b. Let d|a and d|b. Enlarge the collection of inequivalent irreducibles p; if
necessary such that d can be expressed as

d:wp]fl---pzn, we R™.
From d|a we have a = dD for some D € R. Let
D:Wpfl-'-pf", WeR*.

Then
prfll1+H1 .. .pZn+Hn —dD =a = up;l coeprn

Unique factorization and non-associateness of the p; implies that the exponents are the same,
i.e. for all i we have h; + H; = r;. Thus h; < r;. Similarly h; < s;. Hence h; < min(ry,s;),
ie. dlg. O

Observe that if any pair elements in a ring has a ged, then each n-tuple of elements has
it. In fact, we have

ged(a, ag,as, ..., ay) = ged(ged(ag, az), as, ..., ap) .

Proposition 1.6.2 Let R be a UFD and a € R. Then a is irreducible iff a is prime.

PROOF: The right-to-left direction follows from Lemma 1.3.4. Suppose that a is irreducible
and albe. If b or ¢ is a unit, then a divides the other one. If b or ¢ is 0, then a|0. Thus assume
that b, ¢ are non-unit non-zero elements. There is d such that ad = be. Since R is a UFD, b
and ¢ have unique factorizations into irreducibles, i.e. b = by---b, and ¢ = ¢1---¢,. Then
by ---bpcy - - ¢y is a factorization of be. As a is irreducible, a ~ b; or a ~ ¢;. Thus either alb
or alc. O

Proposition 1.6.3 Let R be a UFD with field of fractions F. If f(X) € R[X] factors into
the product of two non-constant polynomials in F[X], then it factors into the product of two
non-constant polynomials in R[X].

PROOF: Let f = gh in F[X]. For suitable ¢,d € R, g1 = cg and hy = dh have coefficients
in R. Thus cdf = g1 - h1 in R[X]. Since R is a UFD, cd factors into the finite product of
irreducibles. Let p € R be a irreducible element such that p|cd. Then p|gihi. Since p is prime
by Lemma 1.6.2, p|g1 or p|hi (say p|g1). Thus p divides all the coefficients of g; and g1 = pg.
Now we have a factorization (¢d/p)f = g2 - h1. Continuing in this fashion, we can remove all
the irreducible factors of cd. O

It follows from the construction of the proof of the latter proposition that if f = gh = ¢'h’
with g,h € F[X] and ¢',h' € R[X], then ¢’ = ug and h' = vh for some u,v € F*,ie. ¢ ~g
and b’ ~ h in F[X], i.e. deg(g) = deg(g’) and deg(h) = deg(h’).



1.6. UNIQUE FACTORIZATION DOMAIN 11

Corollary 1.6.4 Let R be a UFD with fraction field F and f € R[X]|. If f = fife--- [
for fi € F[X] non-constant polynomials, then f = f{f--- fI with non-constant polynomials
[l € R[X] and f; ~ f! in F[X].

PROOF: By induction on n. For n = 2 the claim follows from Proposition 1.6.3 and the above
discussion. Assume that the claim is valid for n — 1 and f = f;--- f,. Then by Proposi-
tion 1.6.3 f = f{g with f],¢g € R[X], fi ~ f{ and g ~ fa--- f,, in F[X]. Thus there is u € F*
such that g = ufs - -+ f,. By induction assumption g = f}--- f/ with f/ € R[X] non-constant,
fo ~ufa~ fo, and f/ ~ f; for i > 2. Thus f = f{fy--- f), and f; ~ f] in F[X]. O

Note that if f; is irreducible in F[X] then f/ is irreducible in F'[X] by Lemma 1.3.4.

Definition 1.6.5 Let R be a UFD and f € R[X]. The content of f (denoted c(f)) is the
ged of all coefficients of f, i.e. ¢(f) = ged(ag,...,a,) for f =ag+---+ a, X™. A polynomial
f is said to be primitive if ¢(f) = 1.

Lemma 1.6.6 Let R be a UFD and f € R[X]. Then f = c(f)- fi with fi primitive and this
decomposition 1s unique up to units in R.

PROOF: Clearly f = c¢(f)- f1 for a primitive polynomial f;. Suppose that f =c(f)-fi =d-g
where g € R[X] is a primitive polynomial and d € R. Then d|f (i.e. f = dh and
deg(h) = deg(f)). Hence d|c(f), i.e. ¢(f) = du for some u € R. Consequently, uf; = g. Since
u|g and g is primitive, we get u ~ 1. Thus ¢(f) ~d and f; ~ g. O

Lemma 1.6.7 (Gauss’s Lemma) The product of two primitive polynomials is primitive.
PROOF: Let
f:a0+..+ame7 g:b0+..+ann,

be primitive polynomials, and let p be an irreducible element of R. Let a; be the first
coefficient of f not divisible by p and b; the first coefficient of g not divisible by p. Then
(i + j)-th coefficient c;y; of fg equals:

Citj = (aobi—i-j +arbipj1+ -+ ai_lbjﬂ) + a;b; + (ai+1bj_1 +---+ a¢+jb0) .

All the terms of ¢;4; are divisible by p except a;b;. Therefore p does not divide the (i + j)-th
coefficient of fg. We have shown that no irreducible element divides all the coefficients of fg.
Thus fg must be primitive. O

Lemma 1.6.8 Let R be a UFD and f,g € R[X]|. Then c¢(fg) = c(f) - c(g).

PROOF: Let f =c(f)- f1 and g = ¢(g) - g1 with f; and g; primitive. Then fg = ¢(f)c(9) fign
with f1g1 primitive by Gauss’s lemma. Since the decomposition fg = ¢(f)c(g)fig1 is unique,
we have ¢(fg) = ¢(f)c(g) (up to a unit). O

Lemma 1.6.9 Let R be a UFD with field of fraction F. Then irreducible elements of R[X]
are exactly
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1. the constant polynomials f = ¢ with ¢ an irreducible element of R and

2. the primitive polynomials f € R[X] that are irreducible in F[X].

PROOF: Each constant polynomial f = ¢ with ¢ an irreducible element of R is clearly irre-
ducible in R[X] and vice versa. Let f € R[X] such that f is primitive and irreducible in F[X].
Then the only possible factorization in R[X] is f = dg where d € R since f is irreducible in
F[X]. Since f is primitive and d|f, d € R*, i.e. f is irreducible in R[X]. Conversely, let f
be an irreducible non-constant polynomial in R[X]|. Then f = ¢(f)fi. Thus ¢(f) is a unit
in R[X]* = R*,i.e. fis primitive. Moreover, f is irreducible in F[X] by Proposition 1.6.3. O

Theorem 1.6.10 Let R be a UFD with field of fractions F. Then R[X] is a UFD.

PROOF: First, we show that there is a factorization into irreducibles. Let f € R[X]. Then
f = c(f)fi with fi; primitive. Since R is UFD, ¢(f) factors into irreducibles of R which
are irreducibles of R[X] as well by Lemma 1.6.9. As f; € F[X]| and F[X] is a UFD, f;
factors into irreducibles in F[X], say fi = g1 - gn. By Corollary 1.6.4 f; = ¢} - - - g}, where g,
are non-constant polynomials from R[X] and each g; is irreducible in F[X]. It follows from
Lemma 1.6.8 that each g/ must be primitive since f; is primitive. Thus they are irreducible
in R[X] by Lemma 1.6.9.
Now let
f=cemfrfa=di--drgr-gs

be two factorizations of f into irreducibles with ¢;,d; € R and f;, g; primitive polynomials.
By Lemma 1.6.6 we have

crocem~dide, o fio fagrgs

Since R is a UFD, we see that m = r and ¢;’s differ from d;’s only by units and ordering.
Similarly since F[X] is a UFD, we see that n = s and f;’s differ from g;’s only by units in
F and ordering. But if f; = ug; with u € F*, then u € R* because f; and g; are primitive.
Indeed, u = a/b for a,b € R. Then h = bf; = ag;. Since f; and g; are primitive, we get
b~c(h)~ain R, ie. a/be R*. O

Corollary 1.6.11 Let k be a field. Then k[X;,...,X,] is a UFD.
Example 1.6.12 Let f,g € k[X] such that ged(f,g) = 1 in k[X]. Prove that the following
polynomial from k[X, Y] is irreducible:

hMX,Y) = f(X) Y +g(X).

Clearly h is irreducible in k(X)[Y] (its degree in k(X)[Y] is 1). Thus the only possible
factorizations of h as a product pq are such that either p € k(X) or ¢ € k(X), say p € k(X).
Then ¢ = ¢-Y + d for some ¢, d € k(X). Since we are interested in factorizations in k[X, Y],
assume that p,q € k[X,Y], i.e. ¢,d € k[X]. We have

h=fY+g=pg=plc-Y+d) =pc-Y+pd.
Thus f = pc and g = pd. As ged(f,g) = 1 in k[X], we get p € k™, i.e. h is irreducible in
kX, Y.

Example 1.6.13 Prove that Y + X" € k[X,Y] is irreducible for all n € N.
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1.7 Affine varieties
Definition 1.7.1 Let k be a field. We define an affine n-space to be the set
E" ={(a1,...,an) | a1,...,an € k}.

Let f € k[X1,...,X,]. Then f defines a function f : k" — k in the obvious way. This
correspondence need not be one-to-one. For instance, if k is a finite field, then there are only
finitely many functions from k™ to k but countable many polynomials. However, as long as k
is infinite, this assignment is injective.

Proposition 1.7.2 Let k be an infinite field and f € k[X1,...,X,]. Then f =0 4iff f : k" —
k is the zero function.

PROOF: The left-to-right direction is obvious. The other one can be proven by induction on
the number of variables. When n = 1, we know that a non-zero polynomial in k[X;] can
have only finitely many roots. Since f(a) = 0 for all @ € k (and k is infinite), f must be the
zero polynomial. Now assume that the claim is valid for n — 1, and let f € k[Xy,..., X,].
We can write f(Xi,...,X,) = Z‘LO gi(X1,..., Xn-1)X.. Fix (a1,...,an—1) € k"L, Since
f(ay,...,apn—1,xy,) is the zero function, f(ai,...,an—1,X,) must be the zero polynomial in
kE[Xy], i.e. its coefficients g;(a1,...,a,—1) are zero. As (ai,...,an—1) was chosen arbitrarily,
we get by the induction assumption that g; are the zero polynomials. Thus f must be the
zero polynomial. O

Corollary 1.7.3 Let k be an infinite field and f,g € k[X1,...,Xy]. Then f =g iff f : k" —

k and g : k, — k are the same functions.

PROOF: Assume that f: k™ — k and ¢ : k, — k are the same functions. Then f — ¢ is the
zero function, i.e. f — g is the zero polynomial. Thus f = ¢ in k[Xy,...,X,]. The other
direction is trivial. O

Definition 1.7.4 Let S C k[X,...,X,]. Then the affine variety defined by S is the set
V(S)={ack™| f(a) =0forall fe S}.
By abuse of notation, we also write V(fi,..., fx) for V(S)if S ={f1,..., fu}.

Example 1.7.5 Here are some simple examples of affine varieties:
1. the affine n-space k" = V(0),
2. the empty set () = V (1),
3. any single point {(a1,...,an)} = V(X1 —a1,..., X, — an),

4. a circle in R? centered at the origin is the affine variety V(X? 4 Y2 — ), where 7 is its
radius,

5. any linear subspace of k™.
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Observation 1.7.6 Let S1,S2 C k[X1,...,X,]. If S C Sy then V(S3) C V(S)).
Note, that if f,g € S and h € k[X1,...,X,], then

V(SU{0}) = V(SU{f +g}) = V(SU{f - h}) = V(S).

Thus V((S)) = V(S). Thus there is no difference whether we consider S to be a subset of
k[X1,...,X,] or an ideal in k[X1,..., X,].

Definition 1.7.7 Let V C k™. Then the set
I(V)={f €k[X1,....,Xn]| f(a)=0for all a € V}

is called ideal of V.

The set I(V) is really an ideal. Clearly, the zero polynomial 0 € I(V). If f,g € I(V), then
(f+9)(a) = f(a)+g(a) =040 =0 for all a € V. Finally, for any h € k[X1, ..., X,] we have
(h-f)(a) =h(a)- f(a) =h(a)-0=0for all a € V.

Observation 1.7.8 Let Vi, Vo C k™. If V} C Vy then I(Va) C I(V1).

Thus we have the following correspondence between affine varieties and ideals:

affine varieties 1, ideals in
in kn N kXL LX) |

The mappings I, V are not inverses of each other in general. Consider e.g. (X?) in k[X].
Then V(X?) = {0} and I(V(X?)) = (X) # (X?). However, we have S C I(V(S)) for S an
ideal.

Lemma 1.7.9 Affine varieties are closed under arbitrary intersections and finite unions, i.e.
1. if {S;} is a family of subsets of k[X1,...,X,], then (), V(S;) = V(U; S:),
2. if 51,59 C k[Xl, ey Xn], then V(Sl) U V(SQ) = V(Sng), where

S182 ={f-g|f€Si,g¢€5}.

PROOF: The first part is trivial. For the second consider a € V(S1) U V(S2). Thus either
f(a) = 0 for all f € S; or g(a) = 0 for all g € Sy, say f(a) = 0 for all f € S;. Then
(f-g9)(a) = f(a)-g(a) =0 for all f-gin S;5;. Conversely, assume that a € V(S1) U V(Ss),
ie. a & V(S1) and a ¢ V(S2). Thus there f € S; and g € S such that f(a) # 0 and
g(a) #0. Hence (f-g)(a) #0,1e. f-g¢& V(S152). O

Remark 1.7.10 Due to the previous lemma, it can be easily seen that affine varieties on k"
forms a topology whose closed sets are exactly affine varieties. This topology on k" is called
Zariski topology. Zariski topology e.g. on R™ is much more coarser than the usual one (closed
set are in some sense “very small”). For instance the only closed proper subsets of k! w.r.t.
this topology are just finite subsets.
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Example 1.7.11 Let f,g € C[X,Y]. Show that V(f,g) is finite iff f and g have no common
irreducible factor.

(=): First, we prove that V(f) is infinite if f is non-constant. W.l.o.g. we can assume
that f = Zf\i 0@i(X)Y" and N > 0 (otherwise interchange the variables). Then ay € C[X] is
the leading coefficient of f. Clearly, ay can vanish only for finitely many values of X. This
means that for infinitely many values of X, the leading coefficient ap is non-zero. If we fix
one of those values x € C, then f(x,Y) is a polynomial from C[Y] of degree N. Since C is
algebraically closed, f(z,Y’) has at least one root. Thus for each value of X where ay does
not vanish, we have an element of V(f). Moreover, for different such values, we get different
elements of V(f).

Secondly, it is clear that if f and g have a common irreducible factor d, then V(d) is
infinite and V(d) C V(f,g) because f = du and g = dv for some u,v € C[X,Y].

(«<): This implication holds for any field. So assume that f,g € k[X,Y]. Recall that
E[X,Y] = E[X][Y]. Consider factorizations of f and g into irreducibles:

f=croenfiofm, g=didiogiogs,

where ¢;,d; € k[X] and f;, g; € k[X][Y] primitive. If f, g have no common irreducible factor
in k[X,Y], then ¢; # dj and f; % gj. 1 claim that f,g have no common irreducible factor
also in k(X)[Y]. Clearly, ¢;,d; are units of k(X) and f;, g; are irreducibles also in k(X)[Y].
Assume that there is an irreducible element e € k(X)[Y] such that e|f and e|g in k(X)[Y].
Then e ~ f; for some i and e ~ g; for some j in k(X)[Y]. Thus f; = ug; for some u € k(X)*.
Since f;, g; are primitive u € k[X]* = k*, f; ~ g; in k[X][Y] (a contradiction). Consequently,
ged(f1g) = 1 in K(X)[Y).

Finally, since (f,¢) = (1) in k(X)[Y], there are A, B € k(X)[Y] such that Af + Bg = 1.
If we multiply this equality by all denominators of all coefficients of A, B (which are from
k[X]), we get Af + Bg = C for some A, B € k[X,Y] and C € k[X]. Thus C € (f,g)
in k[X,Y]. Since C € k[X], it can have only finitely many roots. Let z1,...,x; be these
roots. Then (x,y) € V(f,g) only if x = z; for some i. Further, for all i we have that
f(zi,Y),g9(z;,Y) € k[Y] can also have only finitely many roots. Thus V(f, g) is finite.

1.8 Quotient rings

Definition 1.8.1 Let R be a ring. An equivalence relation ~ on R is called a congruence if
a~a and b~ b impliesa+b~a' + 1V and ab ~ a'V'.

Lemma 1.8.2 Let R be a ring and I its ideal. Then the relation defined by a ~1 b iff a—b € I,
1S a congruence.

PROOF: First, a —a = 0 € I, b—a = —-1-(a—0b) € I, and a — b,b — ¢ € I implies
a—c=a—b+b—ce I Supposethata ~ a andb ~ ¥V, ie. a—ad,b—b € I. Then
a+b—d -V = (a—d)+ (b—-"V) € I. Further, ab— a'/ = ab — a'b+ a'b — d'b =
(a—d)o+db-V)el. 0

Definition 1.8.3 Let R be a ring and [ its ideal. Then the quotient ring R/I is the set of
equivalence classes {[a] | a € R} where [a] = {b € R | a ~1 b} endowed with operations:
[a] + [b] = [a + b] and [a] - [b] = [a - b]. The additive identity is [0] and multiplicative is [1].
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It is easy to check that the latter algebra is really a ring. One has to only show that the
operations are well-defined (i.e. they are independent of the choice of representatives of
the equivalence classes). Suppose that a ~; o’ and b ~; . Then by Lemma 1.8.2 we
have a + b ~y @’ +V and ab ~; d'V/, ie. [a] +[b] = [a+b] = [ +V] = [d] + [V'] and
[a] - [b] = [ab] = [a'V/] = [d] - [V/]. The ring axioms are trivially satisfied e.g.

[al([b] + [¢]) = [a(b + ¢)] = [ab + ac] = [a][b] + [a][c], [1]-[a] = [1-a] = [a].
Observe that [0] ={f | f—-0€l}=1.

Lemma 1.8.4 Let R be a ring and I an ideal. Then R/I is an integral domain iff I is prime.

PROOF: (<=): Assume that [a][b] = [0]. Then ab = ab— 0 € I. Since [ is prime, we get a € I
or b € I. Thus [a] = [0] or [b] = [0].

(=): Let ab € I. Then [0] = [ab] = [a][b]. Since R/I is an integral domain either [a] = [0]
or [b] = [0]. Thus either a € T or b € I. O

Definition 1.8.5 Let R be a ring and I a proper ideal. The ideal I is called mazimal if for
all ideals J O I we have either J = R or J = 1.

Observe that each maximal ideal I is prime. Indeed, assume that ab€ I. Iif a € I and b & I,
then (IU{a}) =R, ie. 1 = fa+ g for some f € Rand g € I. Thus b = fab+ bg € I.

Lemma 1.8.6 Let R be a ring and I a proper ideal. Then I is mazximal iff R/I is a field.

PROOF: (=): Since [ is prime, R/I is an integral domain. We will prove that all non-zero
elements of R/I have a multiplicative inverse. Let [a] # [0], i.e. a ¢ I. Since I is maximal, we
have (I U{a}) = R. Thus 1 = fa+g for some f € Rand g € I. Consequently, fa—1=g € I,
ie. [f)la] = [fa] = [1]

(<): Assume that R/I is a field. Let a ¢ I. Then there is b € R such that [a][b] = [ab] =
[1]. Thus 1 —ab=g € I. Since 1 = g+ ab € (I U{a}), we get (I U{a}) = R. Hence we see
that whenever we try to extend I by an element a not belonging to I, we obtain the whole
ring R. This means that I is maximal. O



Chapter 2

Grobner bases

In this chapter we will develop the theory of Grobner bases. The following problems can be
considered as our motivation:

e Ideal description: Given an ideal I in k[Xy,...,X,]. Is there a finite generating set
for I?

e Ideal membership: Given a polynomial f € k[X1,...,X,]and anideal I = (f1,..., fn) C
k[X1,...,Xy]. Is there an algorithm how to decide whether f € I or not?

e Solution of a system of polynomial equations: Given an ideal I = (f1,..., f,) C
k[X1,...,Xy]. Can we describe V(I) (at least if it is finite)?

In the case of polynomials in one variable we can answer all the questions immediately.
Since k[X] is a PID, the answer to the first question is trivially “yes”. Moreover, if I =
(fi,..., fn) C k[X], then I = (g) where g = ged(f1,..., fn). Thus all polynomials in I are
just multiples of g. Consequently, we have an algorithm for the second problem because f € I
iff g|f which can be easily determine by the division algorithm. The last problem is just the
problem of computing the roots of ¢ since V(I) = V(g).

2.1 Term orders

We have seen that the division algorithm of polynomials in one variable was important for
solving the first two above-mentioned problems. We would like to generalize it to the case of
several variables. Note that the division in k[X] uses the fact that we can order terms of a
given polynomial w.r.t. the powers of X. We need something similar also for polynomials in
EX1,..., X,

Definition 2.1.1 A relation < on a set S is a partial order if it is reflexive, transitive and
antisymmetric. In addition, < is a total order if < y or y < z for all z,y € S. Finally, a
total order on S is called a well-ordering if each non-empty subset of S has a minimum.

Let M C S. Recall that an element y € M is said to be minimal element of M w.r.t. a
partial order < if x € M together with x < y implies x = y.
Observe that the relation <, on N” defined as follows:

(al,...,an) Sg (bl,...,bn) if a; < bi for all i,

17
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is a partial order.

Let a = (a1,a2,...,a,) € N* and § = (b1,b2,...,b,) € N”. Then we define the i-th
projection m;(ar) = a;, the sum o+ 8 = (a1 + by,az + ba,...,a, + b,) and the difference
a—ﬁ:(al—bl,aQ—bg,...,an—bn) IS/

Definition 2.1.2 A total order < on N" is called a term order (or monomial ordering) if
1. a <X 0 implies a + v <X 3+ for all v € N,
2. 0 <« for all @ € N (where 0 is the zero n-tuple).

Example 2.1.3 Let o = (a1,...,a,) € N" and g = (b1,...,b,) € N*. Then we define the
following term orders:

e Lexicographic Order: a <., 3 if either o = § or the left-most non-zero component
of B — « is positive.

e Graded Lex Order (grlex): a =g, (3 if either

n n
o =) a; < [B=> b o |a|=|8and a S 8.
=1 i=1

e Graded Reverse Lex Order (grevlex): o =g cper 3 if either

ol =) ai<|B=) b or || =]g|
i=1 i=1

and the right-most non-zero component of f — « is negative.
e Weighted Order: Let w € N". Then a =<, (§ if

a-w<G-w or a-w=0 -wand a <Xje; 0.

We have e.g.
(0,3,4) <iex (1,2,0) since (1,2,0) — (0,3,4) = (1,—1,—4),
(3,2,1) <jer (3,2,4) since (3,2,4) — (3,2,1) = (0,0, 3),
(0707 1) Slex (07 170) Slex (1’0’0)7

(3,2,0) <gmes (1,2,3) since [(3,2,0)] = 5 < 6 = |(1,2,3)],
(1,1,5) Zgriea (1,2,4) since |(1,1,5)] = 7 = (1,2,4)] and (1, 1,5) <pes (1,2,4),
(0707 1) jgrleﬂ: (07 1)0) jg'r’lea: (15070)7

(4,2,3) Zgrevter (4,7,1) since [(4,2,3)| =9 <12 =|(4,7,1)],
(4,1,3) Zgrevtes (1,5,2) since |(4,1,3)] = 8 = |(1,5,2)] and (1,5,2) — (4,1,3) = (=3,4,—1),
(0707 1) jgrevler (O, 150) jgrevlem (17070)5

Lemma 2.1.4 Let < be a term order on N*. Then <, C =, i.e. whenever a <y, 3 then
a = p.
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PROOF: If o <y 8 then m;(a) < m;(3) for all i. Thus 3 — a € N™. Consequently, 0 < 3 — a.
Finally,
a=0+a=xpB-a+a=4.

Theorem 2.1.5 (Dickson’s Lemma) Let ) #S C N". Then S has finitely many minimal
elements w.r.t. <,.

PROOF: By induction on n. For n = 1 it is trivial since <, coincides with the usual order
< on N which is a well-ordering. Assume that the claim is valid for n — 1. Let S € N" and
ap € S. Let us define for each ¢ € {1,...,n} and each a € {0,1,...,m;(ag) — 1} the following
set:

Sia={aeS|ma)=a}.

Obviously every S;, can be identify with a subset of N*~!. By induction assumption there
is a finite set M; , of minimal elements of S; 4. Let

M = {ag} U Mia.

i,a

The set M is obviously finite. I claim that each minimal element of S belongs to M. Let
6 € S. We will show that a <, 8 for some oo € M. If § is not greater than or equal to ag,
then it has at least one component strictly smaller than the same component in «q, i.e. there
is ¢ such that m;(3) < mi(ap) — 1. Thus 8 € S, 4 for some i and a. Consequently 3 must be
greater than or equal to some o € M; , C M. O

Corollary 2.1.6 Each term order < on N" is a well-ordering.

PROOF: Let () # S C N”. Then S has finitely many minimal elements {a;, ..., ax} w.r.t. <p.
Let B € S. Then o; <; 8 for some ¢ which implies «; < (3. Since =< is a total order, one of
{ai,...,ax} must be the minimum of S w.r.t. <. O

Note that since < is a well-ordering, every strictly increasing sequence in N eventually
terminates.

2.2 Monomial ideals

Definition 2.2.1 An ideal I C k[X1,...,X,] is monomial if there is S C N" (possibly
infinite) such that I is generated by {X® | a € S}. We write (X® | a € S) for the monomial
ideal generated by S C N".

Theorem 2.2.2 Each monomial ideal in k[X1,...,X,] is finitely generated.

PROOF: Let I be a monomial ideal, and let A = {o | X € I'}. By Dickson’s Lemma the set
A has finitely many minimal elements {aq,...,ax}. I claim that I = (X, ... X%). Clearly
ID(X* ..., X%). For the second inclusion it suffices to show that each generator of I lies
in (X, ..., X%). Let X“ be a generator of I, hence v € A. Then «; <; «a for some 1, i.e.
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a—a; €N Thus X = X4 X% ¢ (X9 . X%). O

Lemma 2.2.3 Let A C N" satisfying the following condition:
acA, pfeN' — a+pcA. *)

Then the k-linear subspace J of k[X1,...,Xy] generated by {X | « € A} is the monomial
ideal (X* | v € A).

PROOF: We have to prove that J is an ideal. Clearly J is closed under addition and 0 € J.
Let f € J and g € k[X1,...,X,]. Then

fg= <Z caXa> D dpx® | =D cadg Xt

acA BeNn a,B

where all the sums are finite. Since A satisfies (*), we get X*™% € J. Thus fg € J.

Clearly, J C (X* | a € A) because every k-linear combination of the monomials X must
belong to (X“ | « € A). On the other hand, since (X% | a« € A) is the smallest ideal contain-
ing all X* for a« € A, we get J 2 (X | a € A). O

From the previous lemma we obtain the following characterization of monomial ideals.

Theorem 2.2.4 Let I C k[Xy,...,X,] be a monomial ideal and A = {a | X* € I}. Then A
satisfies (*) and I is generated as a k-linear subspace of k[X1,...,X,] by {X* | a € A}.

Conversely, let A C N" satisfying (*). Then the k-linear subspace of k[ X1,..., X,] gen-
erated by {X* | o € A} is a monomial ideal.

PROOF: (=): Let I be a monomial ideal. First, we will show that A satisfies (*). Let a € A
and 8 € N”. Then X® € I. Consequently, X*XP% = Xot8 ¢ . Thus a + 3 € A. The
fact that I is generated as a k-linear subspace by A follows from Lemma 2.2.3. Indeed,
since A satisfies (*), the k-linear subspace generated by {X® | « € A} is the monomial ideal
(X | a € A) which is obviously equal to I.

(<): It follows immediately from Lemma 2.2.3. O

Lemma 2.2.5 Let S CN" and [ = (X | a € S) be the corresponding monomial ideal. Then
I=(X*|aecA) where
A={BeN"[(FaecS)(a<p)}.

Moreover, XP € I iff X*|XP for some a € S, i.e. A={aecN"| X*¢cI}.

PROOF: Observe that S C A. Thus I = (X®|a € S) C (X*|a € A). On the other hand,
let 3 € A, ie. there is a € S such that @ <; 3. Then 8 —« € N* and XP = XP~2X ie.
XP e I. Hence (X | a € A) C I.

The right-to-left direction of the second statement is straightforward. For the other one
assume that X? € I. Observe that A satisfies (*). Thus by Lemma 2.2.3 I is generated as a
k-linear space by {X® | o € A}. Consequently, X? = 3" _, caX® where the sum is finite.
Since two polynomials are equal iff they have the same coefficients, § = « for some a € A.
As B € A, there is « € S such that a <, 3, i.e. X*|XP. O
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Corollary 2.2.6 Let S C N" and [ = (X* | a € S). Then the minimal elements of A =
{a e N" | X¥ € I} belong to S, i.e. I = (X ..., X%) foraj,...,as €S.
PROOF: By the previous lemma we have

A={feN"|(BaeS)(a<,p)}.

Let ap be a minimal element of A. Then there exists o € S such that o <, ag. Since S C A
and «q is minimal, we obtain ag = a € S. O

2.3 Division in k[Xi,..., X,

Definition 2.3.1 Let f = > ¢, X“ be a non-zero polynomial in k[X,...,X,] and < a
term order.

1. The multidegree of f is
mdeg(f) = max{a € N" | ¢, # 0},
(the maximum is taken w.r.t. =<).

2. The leading coefficient of f is

LC(f) = Cmdeg(f) € k.

3. The leading monomial of f is
LM(f) = x™mdes(f)
4. The leading term of f is
LT(f) = LC(f) - LM(f).

Let X® and X” be two monomials, and let < be a term order. Then we write X% < X B if
a=p.

Lemma 2.3.2 Let f,g € k[X1,...,X,] be non-zero polynomials. Then

1. mdeg(fg) = mdeg(f) + mdeg(g),
2. if f +g#0, then mdeg(f + g) < max{mdeg(f), mdeg(g)}

PROOF: I claim that LM(fg) = LM(f) - LM(g) = X™des(/)+mdee(9) = For sure fg contains a
term with X™deg(f)+mdee(9)  Thys it suffices to show that all other monomials appearing in

fg have smaller exponents. Let X® (resp. X”) be a monomial appearing in f (resp. in g).
Then o < mdeg(f) and < mdeg(g). We have

a+ f < mdeg(f)+ 3 < mdeg(f) + mdeg(g) .

Hence X7 has a smaller exponent than X™mdes(f)+mdeg(g)
The second statement is obvious. O
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Since k[X] is a PID, it is possible to use the division algorithm in order to find out whether
a given polynomial f € k[X] belongs to an ideal or not. This can be decided according to the
remainder. However k[X1,...,X,] is not a PID. Thus we will need a more general division
algorithm. More precisely, given a polynomial f € k[Xi,...,X,] and an ordered s-tuple
(fis---y fs), fi € k[Xq,...,Xy], we would like to express f as follows:

f=afitafo+...+asfs+r,

because if = 0 then clearly f € (fi,..., fs).
The division algorithm in k[X1,...,X,] is a quite straightforward generalization of the
division algorithm in k[X]. We will illustrate it first on an example.

Example 2.3.3 Let f = X?Y + XY? 4+ Y% and fi{ = XY — 1, fo = Y? — 1. I will use the
lex order such that X > Y. Then the division goes as follows:

ai: | X+Y

as: | 1 T
XY -1 | X?Y +XY?+Y?
Y2-1| XY - X
XY?2 4+ X +Y?
XY2-Y
X+Y?24+Y
Y24Y X
Y2 -1
Y +1
1 X+Y
0 X+Y+1

f=(X+V)XY - 1) +1-Y2-1)+X+Y +1.
The division depends on the order of the divisors f;. Let us divide f by (Y? -1, XY —1).

a: | X+1
as: | X T
Y2-1| X2Y + XY24Y?
XY -1|X%%-X
XY?2 4+ X +Y?
XY2-X
2X +Y?
y? 2X
Y2 -1

0 2X+1
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f=(X+D)(Y?*-1)+X(XY —1)+2X +1.

Theorem 2.3.4 Let < be a term order and F = (f1,..., fs) be an s-tuple of polynomials in
kE[X1,...,Xn]). Then every f € k[X1,...,X,] can be written as

f=aifi+asfo+...+asfs+7,

where a;,r € k[X1,...,X,] and either r = 0 or r is a k-linear combination of monomials,
none of which is divisible by any of LT(f1),...,LT(fs). We will call r a remainder of f on
division by F. Furthermore, if a;f; # 0, then we have mdeg(a;f;) < mdeg(f).

PROOF: A precise description of the division algorithm is shown in Algorithm 1. We will

Algorithm 1 Division in k[X1,..., X,]
Input: f, fi,..., fs and a term order =<
Output: ai,...,as,7
a1 :=0,...,as:=0;7r:=0
pi=
while p # 0 do
1:=1
divisionoccured := false
while 7 < s and divisionoccured = false do
if LT(f;)|LT(p) then
a; = a; + LT(p)/LT(fZ)
p:=p— (LT(p)/LT(fi))f:
divisionoccured := true
else
1 =1+1
end if
end while
if divisionoccured = false then
r:=r+ LT(p)
p:=p—LT(p)
end if
end while

prove that in each step of the algorithm we have
f=afi+axfo+--Fasfs+p+r. (2.1)

This is obvious for the initial values. In case when LT(f;)|LT(p) we get
LT(p) > < LT(p)

aifi+p:<ai+ fi+|{p— fi) -
LT(f) LT(f:)

Since all remaining values are unaffected, (2.1) remains valid. In case when none of LT(f;)
divides LT (p), we have

p+r=(p—LT(p)) + (r + LT(p))
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showing that (2.1) is still preserved.

Observe that mdeg(p) decreases in each step of the algorithm. Thus the algorithm must
eventually terminate since < is a well-ordering. Moreover r has the desired properties since
LT(p) is added to r only if LT (p) is not divisible by any of LT(f;). Finally, if a; f; # 0, then each
term of a; is of the form LT(p)/LT(f;) for some value of p. Observe that mdeg(p) < mdeg(f)
at each step of the algorithm. Thus mdeg(a;f;) < mdeg(f) because

LT(p)

LT(aifi) = LT(a;)LT(f;) = LT(f:)

LT(f;) = LT(p).
Od

Let f € k[Xy,..., Xy and F = (f1,..., fs) an ordered s-tuple of polynomials in k[ X1, ..., X,].
If the remainder r of f on the division by F' is zero, then clearly f € (fi,..., fs). However,
this is only sufficient conditions and not necessary as it is show in the following example.

Example 2.3.5 Let f{ = XY +1, fo = Y2 — 1 € k[X,Y] with the lex order. Dividing
f=XY? =X by F=(fi,f2), we get

XY?-X=Y (XY +1)+0-Y?-1)+(-X -Y).
Dividing f = XY? — X by F = (fa, f1), we get
XY?-X=X-(Y2-1)+0- (XY +1)+0.

Thus f € (f1, f2) but the remainder in the first case is —X — Y.

2.4 Hilbert Basis Theorem
Definition 2.4.1 Let I C k[X1,...,X,] be an ideal and < a term order. We define

LT(I) = A{LT(f) | f € I\{0}}, LM(I) ={LM(g) | g € I'\{0}},

where LT(f) and LM(f) are taken w.r.t. <. The ideal generated by LT(I) (resp. LM(I)) is
denoted (LT(I)) (resp. (LM(1))).

Observation 2.4.2 Let I C k[Xy,...,X,] be an ideal. Then (LT(I)) is a monomial ideal.

PROOF: It can be easily seen that (LT(I)) = (LM(J)) since LT(g) is just a multiple of LM(g)
by a non-zero constant. O

Lemma 2.4.3 The ideal (LT(I)) = (LT(g1),...,LT(gs)) for some g1,...,9s € I.

PROOF: By Corollary 2.2.6 we get (LT(I)) = (LM(/)) = (LM(¢1),...,LM(gs)) for some
gi € I. Again by the previous observation we have

<LM(91)7 R LM(QS)) = <LT(91)7 s 7LT(95)> :
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Theorem 2.4.4 (Hilbert Basis Theorem) Fuvery ideal I C k[Xy,...,X,] is finitely gen-
erated.

PROOF: Clearly, I = {0} is finitely generated. Thus assume that I # {0}. By previous
lemma there are g1, ...,9s € I such that (LT(I)) = (LT(g1),...,LT(gs)). I claim that I =

<gl7 st 7gs>'
Clearly (g1,...,9s) € I. Let f € I. By the division algorithm there are polynomials

ai,...,as and r such that
f=a1g1+ - +asgs+r,

where every term of r is divisible by none of LT(g1),...,LT(gs). Then r = f — (a1g1 + -+ +
asgs),i.e. € 1. If r # 0 then LT(r) € (LT(I)) = (LT(g1),...,LT(gs)). Thus by Lemma 2.2.5
we have LT(g;)|LT(r) for some i (a contradiction with the fact that r is the remainder of f
on division by (g1,...,9s)). Consequently, r = 0 which means that f € (g1,...,9s). O

Corollary 2.4.5 The polynomial ring k[X1, ..., X,] is Noetherian.

Corollary 2.4.6 Let S C k[X1,...,X,]. Then V(S) = V(f1,..., fs) for some fi,...,fs €
(S).

PROOF: We have V(S) = V((S)) = V(f1,..., fs) since (S) is finitely generated by Hilbert
Basis Theorem. O

2.5 Grobner Bases

Definition 2.5.1 Fix a term order. A finite subset G = {g1, ..., ¢s} of an ideal I is called a
Grobner basis if

(LT(I)) = (LT(g1), - .-, LT(gs)) -

Observe that we have seen in the proof of Hilbert Basis Theorem that for every ideal I # {0}
a Grobner basis exists and generates .

Proposition 2.5.2 Let I C k[Xy,...,X,] be an ideal, G = {q1,...,9s} a Grobner basis of
I w.r.t. a term order, and f € k[X1,...,X,]. There there is a unique r € k[X1,...,X,] with
the following two properties:

1. No term of r is divisible by any of LT(g1),...,LT(gs).
2. There is g € I such that f =g+ r.

PROOF: The division algorithm gives f = > a;g; + r, where r satisfies the first property and
> aig; € I. Thus r with the required properties exists.
Now, assume that we can express f as follows:

f=g+ri=g2+rs,

where g1, g2 € I and 71,72 have the required properties. Then r; —re € I and no term is divisi-
ble by any of LT(g1),...,LT(gs). This means that r; —ry = 0 otherwise LT (rq —r2) € (LT(I))
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would be divisible by some LT(g;) by Lemma 2.2.5. O

Observe that the division by a Grobner basis G = {g1,...,gs} does not depend on the
order of g;’s.

Corollary 2.5.3 Grdobner bases solve the ideal membership problem. More precisely, let I C
k[X1,...,X,] be an ideal, G a Grébner basis of I, and f € k[X1,...,X,]. Then f € I iff the

remainder of f after division by G is zero.

PROOF: Let r be the remainder. We saw already that » = 0 implies f € I. Conversely, assume
that f € I. Then by the division algorithm we can write f = )" a;g; + r where r satisfies the
conditions from the previous proposition. At the same time we can write f = f 4+ 0 where 0
satisfies the same conditions as well. By uniqueness we get r = 0. O

Definition 2.5.4 We will write fG for the remainder of f on division by G = (g1, ...,9s)-

If we have a basis {g1,...,9s} (i.e. a generating set) of an ideal I, then it may happen
that

LT(I) # <LT(91)7 s 7LT(gs)> :

Thus not each generating set for I is necessarily a Grobner basis. To see this consider for
example the ideal (f1, f2) where fi = X? — 2XVY and fo = X2Y + X —2Y 2. Let us use the
lex term order. Then

X(X?Y + X —2Y?) - YV(X? - 2XY) = X?.
Thus X2 € (f1, fo) and X2 = LT(X?) € (LT(I)). However,
X? ¢ (LT(f1),LT(f2)) = (X*, X?Y).

This is caused by the fact that the leading terms in the combination producing X? cancel.

Let o, 8 € N”, and let 7 = sup{«, §}, i.e. for each i we have m;(y) = max{m;(a), m(5)}.
Then we call X7 the least common multiple of X* and XP. Tt is denoted by LCM(X®, X5).
Fix a term order <. The corresponding strict order will be denoted by <.

Definition 2.5.5 Let f, g € k[X1, ..., X,] be non-zero polynomials and X7 = LCM(LM(f), LM(g)).
Then the S-polynomial of f and g is the combination

X7 X7
S(f.9) = f-= g-
V9= i
Observe that the leading terms of %&) f and %{w g cancel in S(f,g). Indeed, as we
can write f = LT(f) + f’ and g = LT(g) + ¢’ for some f',¢" € k[Xy,...,X,] such that
mdeg(f’) < mdeg(f) and mdeg(g") < mdeg(g), we get
X7 X7 X7 X7,

5.9 = gr WD+ ) = gy WO+ = gmm I~ g 9

Moreover, since mdeg(f’) < mdeg(f) and mdeg(g') < mdeg(g), we have

mdeg(f’) + v — mdeg(f) <~, mdeg(q’)+~v— mdeg(g) <.
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Thus mdeg(S(f,g)) < v because

mdeg(S(f, g)) < max{mdeg(f’) 4+ v — mdeg(f), mdeg(g') + v — mdeg(g)} .

Example 2.5.6 Let f = X3Y?2 - X?Y34+ X and g = 3X*Y +Y?2, and let < be the lex order.
Then LCM(LM(f),LM(g)) = X4Y2. Thus
X1y? X1y? 1

= - =X - f-Y.g=-XYV3-X?2__Y3.
32! T axay / g 3

S(f,9)

Lemma 2.5.7 Suppose tha

tf =i, ;XD g, where g; € k[ X1,...,Xy], ¢ € k\ {0},
a(i) € N, and a(i) + mdeg(g;)

= 0. If mdeg(f) < 0, then there are cj;, € k such that
f = Z Cija_IijS(gj7gk) )
jk
where XV* = LCM(LM(g;), LM(gx)). Purthermore, mdeg(X° %S (g;,gx)) < & for each j, k.

PROOF: Let d; = LC(g;). Thus ¢d; = LC(ciXa(i)gi). Since mdeg(ciXa(i)gi) = ¢ for each ¢
and mdeg(f) < 8, we have > 7, ¢;d; = 0.
Define p; = X*@g; /d; and consider the following telescoping sum:

=Y axWg =" cdip = c1di(pr — p2) + (c1dy + cada) (p2 — p3)+
i=1

i=1
(Cldl + coda +03d3)(p3 _p4) +---+ (Cldl +---+ Csfldsfl)(psfl _ps) + (Cldl +--- +Csds)ps .
Since a(i) + mdeg(g;) = ¢ (i.e. mdeg(g;) <, ) for each i, we have for each pair j, k:
vjk = sup{mdeg(g;), mdeg(gx)} <¢ 0.

Thus X% 7* is a monomial and we have

X'ij X'ij
X0k S (gy, gi) = X0k ( 95 — gk) =
(95:9%) (g ¥~ Ti(gn)
X9 X9 Xelblg,  xoWg,
T dIM(g) Y T GIM(g) T T T a T

Using this and >;_; ¢;d; = 0, the telescoping sum can be rewritten as follows:

f=c1di X°7128(gy1, go) + (c1dy + cada) X072 5(ga, g3)+
+oot (eadi + o Com1ds—1) X0 S(g 1, gs)
which is a sum of the desired form.

Finally, since X‘;*WS(gj,gk) = p; — Pk, it suffices to show that mdeg(p; — pi) < J. But
this is obvious because mdeg(p;) = mdeg(px) = ¢ and LC(p;) = LC(pg) = 1. O

Theorem 2.5.8 Let I C k[Xy,...,X,] be an ideal. Then a basis G ={g1,...,g9s} for I is a
Grobner basis for I iff for all pairs i # j, the remainder of S(gi, gj) on division by G is zero.
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PROOF: (=): Since S(g;,g;) € I, the remainder must be zero because G is a Grobner basis.
(<): Let f € I be anon-zero polynomial. We have to show that LT(f) € (LT(¢1),...,LT(gs)).
There are some h; € k[X1,...,X,] such that

[= Z higi -
i—1

By Lemma 2.3.2 we have mdeg(f) < max{mdeg(h;g;) | 1 < i < s}. If we show that we can
find the polynomials h; in such a way that mdeg(f) = mdeg(h;g;) for some i, then we are
done since LT (g;)|LT(f) in that case.

Consider all possible ways that f can be expressed in the form > 7_; h;g;. Given such ex-
pression, let m(i) = mdeg(h;g;) and § = max{m(1),...,m(s)}. Thus mdeg(f) < d. For each
such expression, we can get a possibly different §. Since < is a well-ordering, we can choose
such expression for which ¢ is minimal. For this expression we will prove that mdeg(f) = ¢
which is what we want to show.

Suppose that mdeg(f) < 6. We can write f in the following form:

F=0 higi+ D hgi= Y ILT(h)gi+ Y, (hi—=LT(hi))gi+ Y higi-
m(i)=4 m(i)<d m(i)=6 m(i)=6 m(i)<6

Since monomials appearing in the second and the third summand have multidegree strictly
less than ¢, the first summand must also have multidegree strictly less than § (we are assuming
mdeg(f) < 9).

Let LT(h;) = ¢; X9, Then Yom@)y=s LT (hi)gi = 3006 ¢;iX*®Wg;. Thus we can use
Lemma 2.5.7 and express it by means of S-polynomials:

Z LT(hi)g; = Z Cijé_mS(gj,gk) .

Now we can use the assumption that the remainder of S(g;, gx) after division by G is zero,
ie.

gjagk Zazﬂcgz )

for some a;j, € k[X1,...,X,]. Moreover, we know that mdeg(a;;jrg;) = mdeg(S(gj,gr)) (see
Theorem 2.3.4). Then

X(S ’ijS g gk szjkgza
where ;5 = X(S_Wkaijk and by Lemma 2.5.7
mdeg(b;jxg:) < mdeg(X° 7S (g;, gr)) < 6.

Thus we obtain

Z LT(hi)g; = chkxé_”ks(gjagk) =

S S
= Z Cik (Z biiji) = Z Z Cjkbz’jkz 9i = Z hggi )
3k i=1 i g,k i=1
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and mdeg(h;g;) < 0 since ¢, are constants. Finally,

F=> higi+ Y (hi—=LT(hi))gi+ > higi.
i=1

m(i)=4 m(i)=<é

Thus we have expressed f as a polynomial combination of g;’s where the multidegree of all
summands is strictly less than . But this is a contradiction with the minimality of §. Hence
mdeg(f) = 0 and we are done. O

Example 2.5.9 Prove that G = {Y —X?, Z— X3} is a Grobner basis for I = (Y — X%, Z — X?)
w.r.t. the lex order given by Y >~ Z > X. We have

YZ YZ
S(Y - X2 7 - X% = 7(Y —X?) — —Z - X3 =YX?-ZX2.

By the division algorithm we get
YX? - ZX?=X3(Y - X))+ (-X?)(Z - X?) +0.
Thus S(Y — X2,7 — X3)G = 0 showing that G is a Grobner basis.
Show that G is not Groébner basis w.r.t. the lex order given by X > Y = Z. We have

3 3

S(-X3+Z,-X?+Y)="%(-X>+2) - ﬁ(—)@ +Y)=-XY + 2.

The division gets

XY +Z=0-(-X*+2)+0-(-X?*+Y) - XY +Z.

Thus S(—X3+ Z,—X? + Y)G =—XY + Z, ie. G is not a Grobner basis.

2.6 Buchberger’s Algorithm

Now we will present how to construct a Grobner basis from a generating set for an ideal.

Theorem 2.6.1 LetI = (f1,...,f:) C k[X1,...,X,] be a non-zero ideal and < a term order.
Then a Grébner basis for I w.r.t. =< can be constructed by Algorithm 2.

PROOF: First, observe that G C I in each step of the algorithm. This is clearly valid in the
G
initial step. Then if p,q € I, then S(p,q) € I and S(p,q) € I. The algorithm terminates

when S(p, q)G = 0 for each pair p, ¢, i.e. G is a Grobner basis.

Secondly, if the algorithm does not terminate, then G is expanded at least by one poly-
nomial S, i.e. G’ C G. We will show that also (LT(G")) € (LT(G)). To see this consider
r € G\ G'. Since r is a remainder on division by G’, LT(r) is not divisible by any of the
leading terms of elements from G’. Thus LT(r) € (LT(G’)) but LT(r) € (LT(G)).

Finally, since the ideals (LT(G’)) form an ascending chain and k[X1,..., X,] is Noethe-
rian, the chain must become constant, i.e. G = G’ at some step and the algorithm terminates.

O
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Algorithm 2 Buchberger’s Algorithm
Input: F = {f1,..., fi} and a term order <
Output: a Grobner basis G = {g1, ..., gs} for (F') w.r.t. < such that F C G
G:=F
repeat
G =G
for each {p,q} CG', p+# q do

S:=5(p,q)
if S # 0 then
G :=GU{S}
end if
end for
until G = ¢’

Example 2.6.2 Find a Grobner basis of (f1, fo) w.r.t. the lex order given by X > Y, where
fi=X?%?and fo = XY +Y?2
Let F' = (f1, f2). We have

S(fi,fo) =YX? - X(XY +Y?}) =-XY?=0-X*+(-YV)(XY +Y?) +Y?,

—F
S(fi. f2) =Y?.
Expand F by f3 = Y?3. Then

S(fi,f2) =fs,  S(fa) =0,
S(fi, f3) = YV3X2 - X235 =0,  S(f1, fs) =0,
S(for f3) = Y2XY +Y2) - XY3=Y4=Y . f5,  S(faf3) =0.

Thus G = {X?, XY +2Y2, Y3} is a Grébner basis for (fi, fa).

Lemma 2.6.3 Let G be a Grobner basis for a non-zero ideal I. If p € G satisfies LT (p) €
(LT(G\ {p})), then G\ {p} is a Grobner basis for I as well.

PROOF: We know that (LT(G)) = (LT(I)). If LT(p) € (LT(G \ {p})), then (LT(G \ {p})) =
(LT(G)). Thus by definition G \ {p} is a Groébner basis. O

Definition 2.6.4 A minimal Grobner basis for a non-zero ideal I is a Grobner basis G for
such that for all p € G we have

1. LC(p) =1,
2. LT(p) ¢ (LT(G \ {p}))-

Lemma 2.6.5 Let G,G’ be two minimal Gréobner bases for an ideal I C k[Xy,...,X,] w.r.t.
a term order <. Then LT(G) = LT(G’"). Moreover, G and G' have the same number of
elements.
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PROOF: Since G, G’ are Grobner basis for I, we have (LT(G)) = (LT(I)) = (LT(G")). If G is
a minimal Grobner basis for I, then LT(G) is a minimal basis for (LT(G)) (i.e. it satisfies the
conditions from Definition 2.6.4). Let LT(g) € LT(G) for some g € G. Then LT(¢')|LT(g)
for some ¢’ € G'. Further, LT(¢")|LT(¢’) for some ¢"” € G. Thus LT(¢")|LT(g) showing that
LT(¢") = LT(g) since LT(G) is minimal. Consequently, LT (g)|LT(¢’). But this means that
LT(g) and LT(g’") may differ only by a unit. Since LC(g) = LC(¢’") = 1, they must be equal.
Thus LT(G) C LT(G’). The second inclusion is proved analogously.

I claim that |G| = |LT(G)|. If there would be more elements in G, then there would have
to be g,¢' € G such that LT(g) = LT(g’) but this is not possible because G is minimal. Since
LT(G) and LT(G’) have the same number of elements, we are done. O

Example 2.6.6 Let G(a) = {g1(a), g2, g3} where g1(a) = X? + aXY, go = XY, and g3 =
Y? — X. Then for any a € k, G(a) is a minimal Grobner basis for (G(0)) w.r.t. the grlex
order.

First, observe that gi(a) = ¢1(0) + a- g2 € (G(0)) for each a € k. Conversely, ¢1(0) =
g1(a) —a- go € (G(a)) for each a € k. Thus (G(a)) = (G(0)). We have

S(g1.92) = Y (X? +aXY) = X(XV) = aXY? =a¥ g2, S(gr,02) " =

(g, 98) = Y2(X2+aXY) = X2(Y2 - X) =aXY3+ X3, S(g1,gs)
G0
S(g2.95) = Y(XY) = X(Y2 = X) = X2, S(gz.gs) " =0.

0,
GO _

Thus G(a) is a Grobner basis for (G(0)). The minimality is obvious.

Definition 2.6.7 A reduced Grobner basis for a non-zero ideal I is a Grobner basis G for [
such that for all p € G we have

1. LC(p) =1,
2. no monomial of p lies in (LT(G \ {p}))-

Observe that the Grébner basis G(a) from Example 2.6.6 is reduced iff a = 0.

Proposition 2.6.8 Let I be a non-zero ideal. Then, for a given term order, I has a unique
reduced Grobner basis.

PROOF: Let G be a minimal Grobner basis for I. We say that ¢ is reduced for G provided
that no monomial of ¢ is in (LT(G \ {g})). Observe that if g is reduced for G, then g is
reduced for any other minimal Grébuner basis G’ for I such that LT(G') = LT(G) since the
definition of reduced involves only the leading terms.

If G is not reduced then there is g € G containing a monomial divisible by some element
of LT(G\ {g}). Let ¢ = g9} and &' = (G\ {g})U{¢'}. I claim that G’ is minimal Grobner
basis for I. Since G is minimal, LT(g) is not divisible by any of LT(G \ {¢}). Thus LT(g)
must be the leading term of the remainder ¢, i.e. LT(g) = LT(¢’). Thus LT(G’) = LT(G).
Consequently, (LT(G’)) = (LT(G)) = (LT(I)) showing that G’ is a Grdbner basis for I.
Moreover, it is clearly minimal. In this way we can make all elements of G reduced without
changing the set of leading terms LT(G).
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Finally, we prove the uniqueness. Suppose that G,G’ are reduced Grobner basis for 1.
Since G and G’ are minimal, we have LT(G) = LT(G’) by Lemma 2.6.5. Thus, given g € G,
there is ¢’ € G’ such that LT(g) = LT(¢’). If we can show g = ¢/, then G = G’ and we are
done.

Consider g — g’ € I. We have g — g’G = 0. Since LT(g) = LT(¢’), the leading terms in
g — ¢’ cancel and the remaining terms are divisible by none of LT(G) = LT(G’) since G and

G’ are reduced. This shows g — ¢’ “_ g — ¢ and then g — ¢’ = 0 follows. O

2.7 Elimination

Definition 2.7.1 Let I C k[Xi,...,X,] be an ideal. The r-th elimination ideal I, C
E[Xr41,...,Xp] is an ideal defined by I, = I Nk[X,41,...,Xp].

Observe that I, is really an ideal of k[Xj11,..., Xp].

Theorem 2.7.2 Let I C k[Xy,...,X,] be an ideal, and let G be a Grobner basis for I
w.r.t. the lex order given by X1 > --- = X,,. Then for every 0 < r < n the set G, =
GNk[Xy11,...,Xy] is a Grobner basis for the r-th elimination ideal I, w.r.t. the lex order
giwen by X,q1q1 = - = Xn.

PROOF: Let G = {g1,...,gs}. Relabeling, if necessary, we may assume that G, = {g1,...,9m}-
We prove that G, is a basis for I.. Clearly G, C I,.. Let f € I,.. Since G is a Grobner basis,

we have ?G = 0 and by the division algorithm

f=a1g1+ -+ amGm + Gmy19ms1 + -+ asgs

Consequently, a;,,41 =+ =as =0, i.e. f€(G,).

Now we prove that G, is a Grobner basis for I,. Clearly, (LT(G,)) € (LT(I,)). Let
LT(f) €e LT(I;) € k[X,41,-..,Xp]. Then LT(g)|LT(f) for some g € G. This is equivalent to
mdeg(g) = mdeg(f). Thus g € G, = GNk[X;41,...,X,] showing that LT(f) € (LT(G,)). O

where mdeg(a;gi) < mdeg(f). Thus a;9; € k[X,+1,...,X,] because < is the lex order.

In fact if one wants to obtain a basis for I, it suffices to consider a so-called r-elimination
term order, i.e. a term order where any monomial containing at least one of the first r variables
is greater than all monomials in k[X,11,...,X,]. This is useful especially in application since
the computation of Grébner basis w.r.t. lex order might be more difficult. For instance one
can consider the term order <, defined as follows:

r r r r
a=x, 0 if ZOQ' <Z,31 or Zalzzﬁl andajgrevlez B.
i—1 i—1 i—1 i—1

This is in fact a weighted term order for w = (1,...,1,0,...,0), where the right-most 1 is at
the r-th position, refined by the grevlex term order.

Example 2.7.3 Consider the following system of polynomial equations:
X2+Y+Z-1 = 0
X+Y?*+Z-1 = 0
X+Y+2Z°-1 = 0
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and the ideal I generated by the left-hand sides. Then the reduced Groébner basis for I w.r.t.
the lex order given by X > Y = Z contains the following polynomials:

g = Y -Y-2%+7Z
g = YZ?+1/272% —1/27>
g3 = Z8—47%+ 423 - 72

g = X+Y+2°2-1

Then I, = I Nk[Z] = (g3) and Iy = I Nk[Y, Z] = (91, 92, g3)-

We can even solve the system of equations since g3 = Z2(Z —1)?(Z? +2Z —1). Thus the
only possible values of Z’s are 0,1 and —1 £ v/2. Substituting these values to g1, g2 we can
determine possible values of Y’s and finally we obtain the corresponding values for X’s. In
this way we can find the following five solutions:

(1,0,0), (0,1,0), (0,0,1),
(—14+V2,-14+V2,-1+2),
(=1 —=v2,-1-v2,-1-V2).
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Chapter 3

Affine varieties

3.1 Hilbert’s Nullstellensatz

Theorem 3.1.1 (The Weak Nullstellensatz) Let k be an algebraically closed field and
I Ck[Xy,...,Xy] a proper ideal (i.e. I # k[X1,...,X,]). Then V(I) # 0.

Corollary 3.1.2 Let k be an algebraically closed field and I C k[X1,...,X,] an ideal. Then
V(I)=0if1el.

PROOF: If 1 € I, then V(I) = () since 1 never vanish. Conversely, if 1 ¢ I, I is a proper ideal.
Thus V(I) # () by the Weak Nullstellensatz. 0

The assumption that k is algebraically closed is necessary. Consider for example an ideal
I=(X?+1) CR. The ideal I is proper and V(I) = (.

Definition 3.1.3 Let I C k[X1,...,X,] be an ideal. The radical of I is the set
VI={f|@meN)("eDn}.
An ideal I C k[X1,...,X,] is called radical if I = /T

Lemma 3.1.4 The radical /T is a radical ideal containing I.

PROOF: Clearly 0 € v/ because 0' = 0 € I. Let f,g € VI and h € k[X1,...,X,]. Then
there are m,r € N such that f™ € I and ¢" € I. Thus (fh)™ = f™h™ € I, ie. fh € VI. In
the binomial expansion of (f + ¢)"*"~! every term has a factor fig/ with i +j=m +r — 1.
Since either i > m or j > r, either f® € I or ¢/ € I, whence fig’ € I. Thus (f +g)™"" ! eI,
ie. f+ge VI

For each f € I we have f' € I, hence f € /I (i.e. I C +/I). Finally, we have to show
that \/\ﬁ =T Clearly, VIC \/\ﬁ Assume that f € \/\ﬁ, i.e. there is m € N such that
f™ € v/I. Thus there is 7 € N such that (f™)" € I. Consequently, f™ € I,ie. f€+I. O

Theorem 3.1.5 (The Strong Nullstellensatz) Let k be an algebraically closed field. If I
is an ideal in k[X1,..., X,], then
V() =VI.

35
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PROOF: To show the inclusion vI C I(V(I)), assume that f € /T such that f™ € I. Then
f™(a1,...,a,) = 0 for each (ai,...,a,) € V(I). Thus we also have f(ay,...,a,) = 0 for
each (a1,...,an) € V(I),ie. f€I(V(])).

To prove the other inclusion, assume that I # (0) (for I = (0) the claim is trivial). Let
f€I(V(I)) and f # 0. We may suppose by Hilbert Basis Theorem that I = (f1,..., fs).
Consider an ideal I' C k[X7, ..., X, Y] defined by

I'={f1,....fs;, 1 =Y - f).

For every point (ai,...,a,+1) € V(I') we have any1f(a1,...,a,) =1 and fi(ai,...,a,) =0
fori=1,...,s. But then (ai,...,a,) € V(I) and f(ai,...,ay) # 0 contradicting the choice
of f. Consequently, V(I') = () and the Weak Nullstellensatz yields 1 € I'.

Hence there are polynomials h, hy, ..., h, € k[X1,..., X,,Y] such that

1= hifi+h(1-Y-f).

i=1

In the fraction field k(X71,..., X,,Y) we may substitute 1/f for Y and we get

1= Zhi(Xl,...,Xn,l/f)fi.
=1

Each h;(Xy,...,X,,1/f) is a fraction of polynomials where the denominator is f"* for some
m € N. Then for suitably large m € N all ] = f™h;(X1,...,X,,1/f) € k[X1,..., X,]. Thus
multiplying both sides by f™, we obtain f™ = Y%  hlf; ie. f eI |

Now, let us discuss several consequences of the Strong Nullstellensatz. The first one tells
us how to recognize whether a polynomial belong to a radical ideal.

Proposition 3.1.6 Let k be an arbitrary field and I = (f1,...,fs) C k[X1,...,X,] be an
ideal. Then f e VT iff 1€ (fi,....fs,1 =Y F) Ck[X1,...,XnY].

PROOF: We have seen in the proof of the Strong Nullstellensatz that 1 € (fi,..., fs, 1 =Y f)
implies f € VI. Conversely, let f € VI, ie. f™ €I C (fi,...,fs,1—=Yf) for some m € N.
Thus

L=Y" "+ (A=Y ") =Y+ (A=Y ) A+ Y 4 YT ),
showing that 1 € (f1,...,fs,1 =Y f). O

The second consequence concerns the correspondence between affine varieties and ideals.

Theorem 3.1.7 Let k be an arbitrary field. The maps

affine varieties N ideals in
in k" o) kXL X

are inclusion-reversing and V(I(V)) =V for any variety V. C k™ (i.e. 1 is always one-to-one).
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In addition, if k is algebraically closed, and if we restrict to radical ideals, then the maps
affine varieties N radical ideals in
are inclusion-reversing bijections which are inverses of each other.

PROOF: We know already that I and V are inclusion-reversing (see Observation 1.7.6 and
1.7.8). We will show that V(I(V)) = V. By Hilbert Basis Theorem we may assume that
V = V(fi,...,fs). Let a € V. Then every f € I(V) vanishes on a. Thus a € V(I(V)).
Conversely, fi1,...,fs € I(V), and thus (f1,..., fs) € I(V). Since V is inclusion-reversing,
we get V(I(V)) CV({(f1,..., fs)) =V.

In addition, if k is algebraically closed, then by the Strong Nullstellensatz we have
I(V(I)) = VI. Thus if we restrict the mappings only on radical ideals, then I(V(I)) = VT = I
and we are done. O

It follows from the latter theorem that if we have a system of polynomial equations

fi = -+ = fs whose solution set is V({f1,..., fs)), then V({f1,...,fs)) = V(\/{f1,..., fs))-

Indeed, we have

V({(f1,-- fs) = VAV fr,- - f) = V(V{fi, o0 fs) -

Finally, we will prove that there is one-to-one correspondence between points of affine
n-space and maximal ideals in k[X71,..., X,].

Definition 3.1.8 Let R be a ring. A proper ideal I C R is called mazimal if for any ideal
J D1 wehave J=1orJ=k[X1,...,X,]

Lemma 3.1.9 Let R be a ring. FEvery mazimal ideal I C R is prime.

PROOF: Assume that I C R is a maximal ideal which is not prime. Then there are polyno-
mials f, g such that fg € I, f ¢ I and g ¢ I. Since I is maximal, we have (I U{f}) = R.
Thus 1 = c¢f + h for some ¢ € R and h € I. If we multiply by g, we obtain g =cfg+ hg e [
which is a contradiction with the fact that g & I. O

Lemma 3.1.10 Let I C k[Xy,...,X,] be a prime ideal. Then I is radical.

PROOF: We have to show that if f™ € I for m > 1, then also f € I. But it is easy to see
since fm = f. fm1L. O

Theorem 3.1.11 If k is algebraically closed field, then every mazimal ideal in k[ X1, ..., X,)]
is of the form (X1 — ay,..., X,y — ay) for some ay,...,a, € k.

PROOF: Let I C k[Xy,...,X,] be a maximal ideal. By the Weak Nullstellensatz we have
V(I) # 0, i.e. there is a point (a1,...,a,) € V(I). Since I is inclusion-reversing, we get
I(V(I)) € I({(a1,...,a,)}). By the Strong Nullstellensatz I(V(I)) = vI. As I is max-
imal, I is prime hence radical, i.e. I = v/I. Thus we have I C I({(ay,...,a,)}). Since
I({(a1,...,an)}) # k[X1,..., Xp], we get I =1({(a1,...,a,)}) by maximality of I.
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Thus it suffices to show that I({(a1,...,an)}) = (X1 —ai,..., X, — an). Clearly,
(X1—a1,...,Xn —an) CI{(a,...,an)}).

Assume that there is f € I({(a1,...,an)}) such that f ¢ (X; —ay,..., X, —a,). Then by
the division algorithm we have f = ¢1(X1 —a1) + -+ + g (X, — an) + 7 for some r € k.
Moreover r # 0 because f ¢ (X; —a1,...,X,, —an). Since r € I({(a1,...,an)}), we get
1=(1/r)r e I({(a1,...,an)}) (a contradiction). O

3.2 Operations with ideals

Definition 3.2.1 Let I, J be ideals in k[X,...,X,]. Then we define the following opera-
tions:

1. The sum of I and J is the set

I+J={f+g|fel, geJ}.
2. The product of I and J is the ideal
17={fglfel, geJ}).
Observe that if I = (f1,..., fs) and J = (g1,...,9:), then IJ = ({figj | 1 <i <5, 1 <j<r}).

Lemma 3.2.2 Let I, J be ideals in k[X1,...,X,]. Then I+ J is the smallest ideal containing
I and J. Moreover, if I = (f1,..., fs) and J = {(g1,...,gr), then I+J = (f1,.. ., fs; 91, -, Gr)-

PROOF: Clearly 0 =0+0¢€ I+ J. Let f,g € I +J and h € k[Xq,...,X,,]. Then there
are f1,91 € I and fo,92 € J such that f = f1 + fo and ¢ = g1 + g2. Thus f+g¢g =
(fi+g)+ (f2+g2) € I+ J. Further, hf = h(f1 + f2) =hfi +hf2 € I+ J.

The fact that I + J is the smallest ideal containing I and J is evident since I + J con-
tains both and each ideal containing both must be closed under addition. Thus also the last
statement is obvious. O

Theorem 3.2.3 If I,J are ideals in k[X1,...,Xy], then V(I+J) = V(I)NV(J) and
V(IJ)=V({INnJ)=V{I)UuV(J).

PROOF: We saw in Lemma 1.7.9 that V(I)NV(J) = V(I UJ). But V(IUJ) = V({I U J)) =
V(I + J) since I + J is the smallest ideal containing I and J.

The fact that V(I.J) = V(I)UV (J) also follows from Lemma 1.7.9. Note that I.J C INJ.
Thus V(INJ) C V(1J). Finally, let x € V(I) UV (J). Then z € V(I) or x € V(J), say
that x € V(I). Thus f(x) = 0forall f € I D INJ,ie x € V(INJ) showing that
V(I)uV(J) C V(I NJ). Summing up, we have

V() UV(J)CVINJ)CV(IJ)=VI)UV(J).
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So far we have seen operations with ideals corresponding to the set-theoretic union and
intersection. In the rest of the section we will concentrate on the set-theoretic difference. Of
course affine varieties are not closed under this difference (consider e.g. a line and remove a
single point). Thus we will try to find the smallest affine variety containing the difference.

Definition 3.2.4 The Zariski closure of S C k™, denoted S, is the smallest affine variety
V(I(S)). It is in fact the closure in Zariski topology.

Proposition 3.2.5 Let S C k™. Then V(I(S)) is the smallest affine variety containing S.

PROOF: If W D S is an affine variety containing S, then I(W) C I(S). Thus W = V(I(W)) =
V(I(9)). ]

Definition 3.2.6 Let I, J be ideals in k[X7, ..., X,], then the ideal quotient (or colon ideal)
of I and J is the set

T:J={fekXi,....X.]| (Vg€ T)fgeD}.
Proposition 3.2.7 If I,J be ideals in k[X1,...,X,], then I : J is an ideal containing I.

PROOF: Note that I : J O I because for each f € I we have fg € I for all ¢ € J. Thus
0el:J. Let fi,fo€I:Jand h € k[X1,...,X,]. Then for all g € J we have fig € I and
fog € I. Consequently, (f1 + f2)g = fig + fag € I for all g € J. Finally, fihg € I for all
g € J. Thus also fiheI:J. O

Theorem 3.2.8 Let I,J be ideals in k[X1,...,X,]. Then V(I :J) D V(I)\V(J). If, in
addition, k is algebraically closed and I is radical, then

V(I:J)=V{I)\V(J).
PROOF: First, we will show that [ : J CI(V(I)\ V(J)). Let feI:Jandz e V(I)\V(J).
Then fg € I for all g € J. Since 2z € V(I), we have f(x)g(x) =0forall g € J. Asxz & V(J),
there is g € J such that g(z) # 0. Hence f(z) = 0 showing that I : J C I(V (1) \ V(J)).
Thus V(I : J) D VI(V(I)\V(J)))=V(I)\V(J).

Now assume that k is algebraically closed and I = v/I. Let x € V(I :.J), i.e. if fge T
for all g € J, then f(z) = 0. Suppose that f € I(V(I)\ V(J)). Then for each g € J the
polynomial fg vanishes on V(I) because f vanishes on V(I)\ V(J) and g on V(J). Thus
fg € I(V(I)) = I =1 for each g € J. Tt follows that f(z) =0, i.e. z € V(I(V(I)\ V(J))).

O

Example 3.2.9
(XZ,)YZ):(Z) = {feklX,Y,Z

[ (Vh € k[X,Y,Z))(hZ - f € (XZ,Y Z))}
= {feklX,Y,Z

[

[

|
| Z-fe(XZ,YZ)}

| Z-f=aXZ+bYZ)
| f=aX +bY}

{feklX,Y,Z
= {feklX,V,.Z
(X,Y).

]
]
]
]
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3.3 Irreducible varieties

Definition 3.3.1 An affine variety V C k" is irreducible if whenever V = V; U V5 for some
affine varieties Vi, Vo, then either Vi =V or Vo = V.

Proposition 3.3.2 Let V' C k™ be an affine variety. Then V is irreducible iff I(V') is a
prime ideal.

PROOF: (=): Let fg € I(V). Set Vi = VN V(f) and Vo = VN V(g). The sets V1,V are
affine varieties because affine varieties are closed under intersections. Then

ViuVe=(VAV(f)uVnV(g)=Vn(V(/)UV(g) =VnV(fg=V.

The last equality follows from V(fg) O V because {fg} C I(V). Since V is irreducible, we
have either V' = V; or V' = V4, say the former holds. Then V =V NV (f) C V(f). Thus f
vanishes on V', i.e. f € I(V) and I(V) is prime.

(«<): Let V.= V; U V. Suppose that V' # V;. We have to show that Vo = V. First,
Vo C V and thus I(V) C I(Va2). Second, since Vi € V, we have I(V) C I(V;) (otherwise
V=VIV)) =VIMW)) =WV). Take f € I(V1) \ I(V) and any g € I(V2). Then fg vanishes
on V=V, UVa ie fge I(V). Since I(V) is prime, g belongs to I(V') because f ¢ I(V).
Thus I(V) = I(V2). Since I is one-to-one, we get V = V5. O

Proposition 3.3.3 Let Vi O Vo D V3 D -+ be a descending sequence of affine varieties.
Then there is n € N such that V,, = V41 =---.

PROOF: Applying the mapping I, we get an ascending sequence of ideals:
(Vi) CI(Ve) CI(Vs) C - .

Since k[X1,...,X,] is Noetherian, there is n € N such that I(V;,) = I(V,41) = ---. But this
means that V,, = V,,;1 = -+ because V(I(V;)) = V;. O

Definition 3.3.4 Let V' C k" be an affine variety. A decomposition V =V U---UV,,, where
each V; is irreducible, is called a minimal decomposition if V; Z V; for i # j.

Theorem 3.3.5 Let V' C k™ be an affine variety. Then V has a minimal decomposition
V=WViU---UV, unique up to order of V;’s.

PROOF: The existence of the minimal decomposition V =V, U --- UV, follows from Propo-
sition 3.3.3.

To show that the decomposition is unique, assume that V' = V/U- - - V! is another minimal
decomposition. Then for each ¢ we have

Vi=VinV=Vin (WU V)= (VinV)u--u V).

Since V; is irreducible, we have V; = V; NV} for some j, i.e. V; C V. Applying the same
argument also for Vj’ (using Vi’s to decompose V), there is k such that Vj’ C Vk. Since
the decomposition into V;’s is minimal, we get V; = Vj’ . Thus all V;’s must appear between
V{,...,V!. A symmetric argument finishes the proof. O
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Corollary 3.3.6 Let k be an algebraically closed field. Then every radical ideal I C k[ X1, ..., Xy]
can be written uniquely as a finite intersection of prime ideals, I = (\;_; P;, where P;  P;

fori #£j.

PROOF: First, observe that I(V3 U V2) = I(Vy) NI(V2). Indeed, let f € k[Xy,...,X,]. Then
feI(V1UVa) iff f vanishes on Vi and V3 iff f € I(V1) and f € I(Va). Thus we have

I:ﬁ:I(V(I))zI(%U---UVm)zﬁl(m,
1=1

where V(I) =V, U--- UV, is the unique minimal decomposition. Since V;’s are irreducible,
the ideals I(V;) are prime. O

3.4 Varieties corresponding to principal ideals

Proposition 3.4.1 Let f € k[Xy,...,X,] and I = (f). If f = uf{*--- f& is the unique
factorization into irreducibles, then

VI={fiefo).

PROOF: Let N = max{ai,...,a,}. Then
(fr--- f)N = N7 pN=as

Thus (f1---f)N € Tand fi--- fs € VI
Conversely, let g € VI, i.e. ¢M € I for some M € N. Thus there is a polynomial h such
that ¢™ = h - f. Consider the unique factorization of g = vglljl .- gb into irreducibles. Then

M _ M

Mb Mbr_ a s
g gl 1...gr _huflls‘

Since k[X1,...,Xy] is a UFD, the irreducible polynomials on both sides must be the same
up to units. Thus each f; equals (up to a unit) to some g;. Consequently, g is a polynomial

multiple of fi--- fs, i.e. g € (fi- fs). H

Definition 3.4.2 Let f € k[X,..., X,]. The reduction of f is the polynomial f,¢q such that
(frea) = \/(f)- A polynomial f is called reduced (or square-free) if f = freq.

Let f = (X +Y2)(X —Y)%(Y —3)%. Then freq = (X +Y?)(X —Y)(Y —3). Observe also

that each irreducible polynomial is reduced.

Proposition 3.4.3 Let f € C[Xy,...,X,,] and let f = ufi*--- fI be its decomposition into
irreducible factors (u is a unit). Then

V() =V({)u---UV(fs)

s the minimal decomposition into irreducible components.
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PROOF: Let a € V(f). Then 0 = f(a) = ufi*(a)--- f&*(a). Thus at least for one i we have
fila) = 0, i.e. a € V(f;). Consequently, V(f) C V(f1)U---UV(fs). To see the second
inclusion, note that (fi--- fs) C (fi) for each i. Thus (fi--- fs) C[);_;(fi). Consequently,

s

V() =V = (fr- f) Sy = IV =T V() -
i=1 i=1 i=1
Applying the mapping V to both sides, we get

S

Uvcv,

=1

since V is inclusion-reversing and (J;_; V(f;) is a variety because affine varieties are closed
under finite unions.

Now we have to show that V(f;) is irreducible, i.e. I(V(f;)) = /(fi) = (fi) is prime.
Since f; is irreducible, f; is a prime element because C[X1, ..., X,] is a UFD. Thus (f;) is a
prime ideal. Finally, V(f;) € V(f;) for i # j. Assume not. Then

(fi) =L(V(fi)) 2LV (f;)) = (f3) -

Thus f;|f; which is not possible. O

3.5 Polynomial mapping on a variety

Definition 3.5.1 Let V C k™ and W C k" be affine varieties. A function ¢ : V — W is a
polynomial mapping if there exist polynomials fi,..., f, € k[X1,..., X,,] such that

¢(a17"')am) = (fl(alw"aa’m)?’"afn(al)"'7am))v
for all (a1,...,an) € V. We say that (fi,..., fn) represents ¢.

Now we will be interested mainly in the case when W = k. Thus ¢ is represented by a
single polynomial. Given a polynomial mapping ¢ : V' — k, the polynomial which represents
¢ is usually not unique. Consider e.g. V = V(Y — X?) C R?. Then polynomial f = X3 +Y3
represents a polynomial mapping ¢ from V to R. However, for any h € I(V') the polynomial
g = X3+Y3+ h(X,Y) represents the same polynomial mapping since for all (a,b) € V we
have

Pp(a,b) =a® +b0> =a®+ 0> +0=0a®+ >+ h(a,b).

Proposition 3.5.2 Let V C k™ be an affine variety. Then f,g € k[X1,...,X;n] represent
the same polynomial mapping ¢ : V — k iff f —g € I(V).

PROOF: If f — g € I(V), then for any point a = (ay,...,a,) € V, we have f(a) — g(a) = 0.
Thus f, g represent the same polynomial mapping ¢ : V — k. Conversely, if f, g represent
the same polynomial mapping ¢ : V' — k, then at every point a € V we have f(a)—g(a) = 0.
Thus f—g € I(V). ]
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Definition 3.5.3 Let V' C k" be an affine variety. We denote by k[V] the set of all polynomial
mappings from V to k.

The set k[V] forms a ring under the point-wise operations, i.e. if ¢, € k[V], then

(@+¥)(a) = ¢(a)+(a)
(¢-¢)(a) = ¢(a) ¥(a).

Additive and multiplicative identity of k[V] are represented respectively by constant polyno-
mials 0 and 1.

Observe that if f represents ¢ € k[V] and g represents ¢ € k[V], then f + g represents
¢ + 1. Indeed, for all a € V we have

(¢ +¥)(a) = ¢(a) +¢P(a) = f(a) + g(a) = (f + 9)(a).

Similarly, f - g represents ¢ - 1.

Theorem 3.5.4 Let V. C k™ be an affine variety. Then the ring k[V] is isomorphic to
k[le s ,Xn]/I(V)

PROOF: Let us define a mapping U : k[X1,..., X,]/I(V) by ¥([f]) = ¢ where ¢ : V — k is
the polynomial mapping represented by f. By Proposition 3.5.2 V¥ is a well-defined function
since if [f] = [f'], then f— f" € I(V), i.e. f, f’ represent the same polynomial mapping. Since
every polynomial mapping ¢ € k[V] can be represented by a polynomial in k[X;,..., X,],
U is onto. To see that U is injective, assume that [f] # [g]. Then f — g & I(V), i.e. they
represent different polynomial mappings from k[V]. Thus ¥([f]) # ¥([g])-

Let [f],[g] € k[X1,...,X,]/I(V). Then ¥([f]) and ¥([g]) are represented by f and ¢
respectively. Thus W([f]) + ¥([g]) is represented by f + g. Hence

U([f]+[g]) = W(If +g]) = U([f]) + ¥(lg])-

Similarly, we have

W([f]- [g]) = W((f - g]) = ©([f]) - ¥(lg]) -

Finally, ¥([1]) is the polynomial mapping in k[V| which is represented by the constant poly-
nomial 1, i.e. U([1]) is the multiplicative identity in k[V]. O

Corollary 3.5.5 Let V C k™ be an affine variety. Then k[V] is an integral domain iff V is
irreducible. In addition, if k is algebraically closed, then k[V] is a field iff V = {(a1,...,an)}.
In fact, in this case k[V] is isomorphic to k.

PROOF: Since k[X1,...,X,]/I(V) is an integral domain iff I(V') is a prime filter, the state-
ment follows from the previous theorem. Assume that k is algebraically closed. Then
E[X1,...,X,])/I(V) is a field iff I(V) is a maximal filter iff I(V) = (X1 — a1, ..., X, — ay,) for
some (ai,...,a,) € k™. Concerning the last statement, it can be easily seen that k[V], where
V ={(a1,...,a,)}, is isomorphic to k since each function in k[V] can be represented by a
constant polynomial. O
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Observe that if V' = V(I), then k[V] need not be isomorphic to k[X1,...,X,]|/I. We
proved this only for the case when I = I(V). To see this, consider an affine variety V =
{(0,0)} € C2. Then I(V) = (X,Y) and C[V] = C[X,Y]/I(V) is a field. However, if we take
a different defining ideal for V, e.g. I = (X2 Y), then C[X,Y]/I is not a field since (X?2,Y)
is not a maximal ideal.

3.6 Zero-dimensional ideals

Lemma 3.6.1 Fiz a term order on k[Xi,...,X,] and let I C k[Xi,...,X,] be an ideal.
Then every f € k[X1,...,X,] is congruent w.r.t. I to a unique polynomial r which is a
k-linear combination of the monomials in the complement of (LT(I)).

PROOF: Let G be a Grobner basis for I w.r.t. the fixed term order and f € k[X1,...,X,]. Set

r= ?G. Then r is unique and it is a k-linear combination of monomials from the complement
of (LT(I)). Further, f = ¢+ r for some g € I. Thus f —r=qg € I,ie f~pr. O

Observe, that k[X1,...,X,]/I can be viewed also as a k-vector space since we can define
the scalar multiplication by c¢-[f] = [c- f] for ¢ € k. It can be easily checked that this definition
satisfies all the axioms of a k-vector space. For instance

(c+d)-[fl=[ct+d)- fl=lcf +df] =[cfl+df] = c-[f]+d-[f].

Theorem 3.6.2 Let I C k[X1,...,X,] be an ideal. Then k[X1,...,X,]/I is isomorphic as
a k-vector space to S = Span(X® | X ¢ (LT(I))).

PROOF: By the previous lemma the mapping ®([f]) = TG is a bijection. Indeed, let [f],[g] €
kE[X1,...,Xyn])/I. Then r = ?G ~rfandr =% ~;g. Ifr =1/, then f ~;r=1' ~y g, ie.
[f] = [g]- To see that ® is onto, consider r € S. Then 7¢ = r since any monomial in 7 is not
divisible by any of LT(I). Thus ®([r]) =r.

Now, it suffices to check that ® is a linear mapping. First, we will show that mG =
?G—i—gG and WG = c~fG. We have f = q—i—fG and g = h + g for some ¢,h € I. Thus
f+g9g=(q+h)+ (?G +g%). Since none of the monomials in ?G + g% is divisible by any of
LT(I), we get TG +g% = mG by Proposition 2.5.2. Similarly, ¢- f =c-q¢+c- ?G, ie.
WG =c- f . Hence we get

(] +lg)=@(f+a)=F+9g =T +7

Observe that B = {X* | X* & (LT(I))} is a basis for S. Thus, if B is finite, we have
dim S = dim k[X1, ..., X,]/I = |B|.

Theorem 3.6.3 Let k be an algebraically closed field and V- =V (I) C k™ an affine variety.
Then V' is finite iff k[X1,. .., X,]/I is finite-dimensional.
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PROOF: (<=): To show that V is finite, it suffices to prove that for each ¢ there can be only
finitely many distinct i-th components of the points of V. Fix i and consider the classes
[XZ]] € k[X1,...,X,]/I, where j € N. Since k[Xy,...,X,]/I is finite-dimensional, [X7/] must
be linearly dependent. Thus for some c¢; € k we have

0] = > eslx7] =[S e x7] -

Thus ) ¢; X l] € I. Since ) ¢; X, f can have only finitely many roots in k, there are only finitely
many distinct i-th components of the points of V.

(=): For this it suffices to show that dim S is finite. If V = (), then by the Weak
Nullstellensatz I = k[X1, ..., X,]. Thus k[X1,...,X,]/I is the trivial k-vector space. If V' is
nonempty, then for a fixed 7, let a;, j = 1,...,t be the distinct i-th components of the points
of V. Let

f(Xi) = H(Xz‘ —aj).

By construction f vanishes at every point of V, so f € I(V) = I(V(I)) = v/I. Thus there is
m € N such that f™ € I. This means that X™ = LT(f™) € (LT(I)).

Now we know that for each i there is m; € N such that X" € (LT(I)). Thus any
monomial X7 -+ X% such that m; < «; (for at least one 7) must belong to (LT(I)) as well.
Consequently, the monomials in the complement of (LT(I)) must have a; < m; — 1 for all
1. As a result, there can be at most my - - - m, many monomials in the complement showing
that dim S is finite. |

Corollary 3.6.4 Let k be an algebraically closed field and V ="V (I) C k™ an affine variety.
Then V is finite iff I N k[X;] # (0) for each i € {1,...,n}.

PROOF: The right-to-left direction is trivial. For the other observe that in the first part of
previous proof we have constructed for arbitrary ¢ a polynomial > ¢; X7 from k[X;] which
belongs to I. O

Definition 3.6.5 Let V1,...,V; be k-vector spaces. The direct product H§:1 Viof Vi,...,V;
is the k-vector space defined on V7 X --- X V; componentwise.

Lemma 3.6.6 (Chinese Remainder Theorem) Let I1,...,I; C k[X1,...,X,] be ideals.
Set [ = ﬂ;f:l I;. Then we have the following:

1. The map ® : k[X1,..., X,)/T — [[i_, k[X1, ..., Xn)/Ii defined by

o([f1r) = (Ans-- - [fn)

is an injective linear mapping.

2. If the ideals I, ..., I are pairwise comazimal, i.e. I; + I; = k[Xq,...,X,] for i # j,
then ® is an isomorphism of k-vector spaces.

PROOF:
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1. The mapping @ is well-defined since if [f]; = [f']1, then [f];, = [f']1, for all i because
I C I, for each i. Let f,g € k[X1,...,X,] and ¢ € k. Then

O([fl1+1glr) = ©([f+9l0) = ([F+9ln,- - [f+9ln) = ((fln+l9ln - [fln+19l) =
= ([f]h? ) [fht) + ([9]117 B [g]1t> = q)([f]f) + (I)([g I) )

@(c- [f11) = @(lefln) = ([eflns - [efln) = (el flns - elfln) =
=clfln, - ) = ¢ @((flr) .

Thus ® is a linear mapping. To see that it is one-to-one, assume that [f]; # [¢g];. Then
f—-gé&l= ﬂ§:1 I;, i.e. f — g does not belong to at least one of I;’s, say to I;. Hence

[f11; # lg]1, showing that ®([f]r) # ®([g]1)-

2. Fix a number i € {1,...,t} and let J; = [, I;. Since I; and I; are comaximal
for all j # 4, there are elements a; € I; and b; € I; such that a; +b; = 1. Then
1= H#i(aj +b) € I; + H#i I; C I; + J;. Thus I; and J; are comaximal. Thus
there are elements p; € I; and ¢; € J; such that p; + ¢ = 1. Let ([r1]n,...,[rdn) €
[T, k[X1, ..., Xu)/ L. T claim that ®([g171 4 - -+ qredr) = (115, - -, [7)r,)- To prove
this we have to show that for each i we have [q1r1 + - -+ 4+ @7¢]1, = [ri]r,- Observe that
for each j # 7 we have ¢; € J; = ﬂl# I; € I;. Thus Z#i gjr; € I; showing that
i1 + -+ @il = [girilr, But [gir]z, = [(1 — pi)rilr, = [z,

a

Theorem 3.6.7 Let k be an algebraically closed field and I = (f1,..., fs) C k[X1,..., X,]
such that V(I) is finite. Then

IV(I)| < dimk[Xq,...,X,]/I.
If, in addition, I is radical, then
IV(I)| = dim k[ Xy, ..., X,]/I.

PROOF: Let V(I) = {p1,...,pt}. To each point p; = (ay,...,a,) € V(I) we can assign the
maximal ideal M; = (X; —ay,..., X, — ay). Clearly, I C M; for each i. Indeed, let f € I.
Then f(p;) = 0. Since M; is maximal, hence radical, we have M; = /M; = I(V(M;)) =
I({p:}), i.e. f € M;. Consequently, I C (i_, M;. Since (LT(I)) C (LT(N:_, M;)), we
get dimk[X1,..., X,]/I > dimk[X1,..., X,]/ i, M;. Tt follows from Chinese Remainder
Theorem that k[X1, ..., X,]/Niey Mi = [1i_; k[X1, . .., Xn]/M;. Further, k[X1, ..., X,]/M;
is a field isomorphic to k (see Corollary 3.5.5), i.e. [['_, k[X1,..., X,]/M; = k. Thus we
have

t ¢
t =dim [[k[X1, ..., Xal/M; = dimk[X1, ..., X,)/ (| Mi < dim E[Xy, ..., X,]/T.
i=1 =1
Now assume that [ is radical. We will prove that instead of inclusion I C ﬂﬁzl M; we
have in fact equality I = ﬂ;‘f:l M;. Let f € ﬂl;f:l M;. Then for each i we have f(p;) = 0.

Thus we get
fellpy,....,p)=LVU)=VI=1I.
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The rest of the proof is a trivial modification of the previous method. O

Lemma 3.6.8 Let k be a field containing Q and f € k[X]| a non-constant polynomial. Then
[ 1is square-free iff ged(f, f') = 1. Moreover, freq = f/ged(f, f').

PROOF: («=): We will prove it contra-positively. Assume that f is not square-free. Then we
can write f = f2f, for some fi, fo € k[X] such that f; is non-constant. The derivative of f
is f' = 2f1f]fo+ f2fs. Thus f1]ged(f, f/) showing that f; must be a constant polynomial (a
contradiction).

(=): Let f = f1--- f; be the decomposition into irreducible polynomials. Then

¢ t
f’zZfl"'fzerf{'fiﬂ'“ftZzgz’fi’,
=1 i=1

where g; = f1 -+ fi—1- fix1- -+ ft. Since k contains Q and f/s are non-constant, we have f/ # 0
for each i.!

Let j € {1,...,t}. I claim that ged(f;, f’) = 1. We will prove that f; cannot be the
greatest common divisor of f; and f’. Suppose that f;|f’. Then we have

t
fr=af; =Y afi=>_ fihifl+9;f;.
i=1 i#j

Thus

giff=fi | a=>_hif]
i#j
Since g; does not contain f;, fj’~ must be divisible by f; but it is a contradiction with the fact
that f; # 0 and deg f; < deg f;.
Finally, we show that ged(f, f/) = 1. Assume that some irreducible ¢ divides f and f’.

Since f = f1--- fi, ¢ is (up to units) either 1 or one of the irreducible factors. Suppose that
¢ = fj. Then c|ged(f;, f') but ged(f;, f/) = 1 which is a contradiction (i.e. ¢ must be 1).

To prove the last statement observe that ged(f, f/) = 1“1_1 - fwhere f = ufi - f
is the factorization into irreducibles. Thus freq = f/ged(f, f') =ufi--- fi. O

Lemma 3.6.9 Let I,J be ideals. Then VINJ =VINVJ.

PROOF: Let f € VINJ. Then f™ € I NJ for some m € N. Thus f € VT and f € /J.
Conversely, let f € /TN +/J. Then there are m,p € N such that f™ € I and f? € J. Thus
fmfr=fmtreInd ie fevInd. O

Proposition 3.6.10 (Seidenberg’s Lemma) Let k be an algebraically closed field and let
I C k[Xy,...,X,] be an ideal. If there exists a non-zero polynomials g; € I N k[X;] for each
i€{1,...,n} such that ged(gi,g.) = 1, then I is radical.

'If k is finite then this step does not work. Consider e.g. f = X® — 2 over the three-element field Z/(3).
Then f' =3X?=0X?=0.
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PROOF: By Lemma 3.6.8 the polynomials g1, ..., g, are square-free. We proceed by induction
on n. For n = 1, the principal ideal I C k[X}] contains a square-free polynomial. Therefore
it is generated by a square-free polynomial, i.e. it is a radical ideal.

Let n > 1. We write g1 = h;---h; with irreducible polynomials hy,...,hs € k[X1].
We claim that T = (._,(I + (h;)). For every f € ('_,(I + (h;)) there are r; € I and
¢ € k[X1,...,X,] such that f =r; + q;h;, i € {1,...,t}. Thus we have

f-th:(ri+qihi)-Hh]’ZT‘i'th+qZ’91 el.

i i i
Since
ged(J[ k. [T Pso--- [ 2i) =1,
GAL A2 J#t

there are p1,...,p; € k[X1] such that

pl'th+p2'th+“'+pt'th:1

J#1 i#2 it
(see Lemma 1.3.7 and note that k[X;] is a PID). Thus

f=p1-f-th+p2-f-th+---+pt-f-theI,
i#1 J#2 it
which proves the claim.
Because of this claim and by Lemma 3.6.9 it is sufficient to show that I + (h;) is radical
for each ¢ = 1,...,t. Thus we may assume that ¢; is irreducible. Then g; = X7 — a for some
a € k since k is an algebraically closed field. Let us define the following ideal

J={f(a,Xs,...,X,) € k[Xa,....X,] | f €T}

Observe that f(X1,Xo,...,X,) € I if, and only if, f(a,Xs,...,X,) € J. If f does not
contain X; then it is clear. Assume that f(a,Xs2,...,X,) € J and f contains X;. Then
by division algorithm we can write f = hi(X; — a) + ho where hy € k[Xo,..., X,]. If we
substitute for X7 the value a we get

f(a,XQ,...,Xn) = hl(a—a)+h2(X27...,Xn) = hg(Xg,...,Xn).

Hence hy = f(a, Xa,...,X,) € J. Since hy does not contain X1, we have hy € I. Thus f € I.

Note that ga, ..., g, belongs to J and still satisfy ged(gi,g}) =1 for i € {2,...,n}. Thus
by induction assumption J C k[Xy,..., X,] is a radical ideal. Let f™ € I for some m € N.
Then f(a, Xs,...,X,)™ € J and since J is radical we have f(a, Xo,...,X,,) € J. Finally, by
the above observation we get f € I. O

Corollary 3.6.11 Let k be an algebraically closed field. Then the following algorithm com-
putes the radical of an ideal I C k[X1,...,Xy] such that V(I) is finite.

1. Fori=1,...,n compute a generator g; € k[X;] of the elimination ideal I N k[X;].

2. Compute the reduction (g;)req of gi’s and return the ideal I + ((g1)red,- - - (gn)red)-
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PROOF: By Corollary 3.6.4 the generators g; exist. By Lemma 3.6.8 we can compute (g;)red
for each i. Since the ideal J = I + ((g1)red;- - (gn)req) satisfies I € J C /I, we have
VI =+VJ. Indeed, we have VI - V/J since the operation assigning to an ideal its radical is

monotone w.r.t. inclusion and VI 2 v/J follows from vJ C VVI = VI. Let h; = (9i)red
for each i. By Lemma 3.6.8 the polynomials h; satisfy ged(h;, h.) = 1. Thus by Seidenberg’s

K2
Lemma yields the claim. O

3.7 Systems of polynomial equations

In this section, let k£ be an algebraically closed field.

Definition 3.7.1 Let I C k[X}, ..., X,;] be anideal such that V(I) is finiteand ¢ € {1,...,n}.
We say that I is in normal X;-position if any two points (a1, ..., an), (b1,...,b,) € V(I) sat-
isfy a; 75 bz

Lemma 3.7.2 Let I C k[X1,...,X,] be an ideal such that V(I) is finite. Then there exists
a tuple (c1,...,cn_1) € k"' such that

crar + -+ cp_1ap-1 + an # c1by + - -+ cp_1bp—1 + by,
for all pairs of points (ai,...,an),(bi,...,by) € V(I).

PROOF: Let (a1,...,ay),(b1,...,b,) € V(I) be two distinct points in the variety given by
I. In choosing the tuple (ci,...,¢,-1) € k"1, we have to avoid the solutions of the linear
equation

(al - bl)gl +---+ (an—l - bn—l)gn—l = bn — Aap .
Every such equation determines a hyperplane in k"~!. Since there are only finitely many of

them, we can choose a point (ci,...,c,_1) € k"~ which is not contained in any of these
hyperplanes. O

Consequently, we can transform the ideal I into an ideal in normal X,-position. More
precisely, let

0 —-c
0 —c
A= : :
0 0 I —cp
00 0 1
be the matrix of linear transformation assigning to an n-tuple (X, ..., X,) the n-tuple

(X1, Xn) - A= (X1, ., X, Xn —aa Xy — - — 1 X))



50 CHAPTER 3. AFFINE VARIETIES

The matrix A is clearly invertible and

0 0 C1
0 0 C2
Afl — .
00 -+ 1 ¢cp
00 --- 0 1

We denote the n-tuple (X1,...,X,) by X. Let us define the set

J={f(X-A)|fel}.

Observe that f(X) € J iff f(X - A1) is in I, Indeed, if f(X) € J, then there is g(X) € I
such that g(X - A) = f(X). Thus f(X -A™ ) =g((X- A7) . A) = g(X).

Now we can prove that J is an ideal. Zero polynomial is clearly in J. Let f(X),g(X) € J
and h(X) € k[X1,...,X,]. Then f(X-A™') eI and g(X-A~') € I. Thus

fX-A Y rgx-AYHer.
B FOO) +9(X) = F((X-A) - A7) +g((X - 4) A €]
by definition of J. Similarly f(X - A~%) - h(X -A~1) € I. Thus
FX)-h(X) = f(X-A)-ATH) - R((X-A)-ATH) e J.

Moreover, there is a correspondence between points of V(I) and points of V(J). We have
(a1,...,an) € V(I) iff (a1,...,an + c1a1 + -+ + cp_1an—1) € V(J). Indeed, let f(X) € J.
Then f(X - A1) e, ie.

f((a1,...,an) -A_l) = f(a1,...,apn-1,an +cra1 + -+ cp_1an-1) =0.

Since we chose f arbitrarily, (a1,...,an—1,0n + c1a1 + -+ + cn—1an—1) € V(J). Conversely,
if f(X) €I, then f(X -A) € J. Thus

0= f((a1,...,an_1,an+crar+---+cp_1an_1)-A) = f(((a1,...,an)-A"1)-A) = flag,...,an).

Finally, it can be easily seen that if ¢, ..., c,—1 are chosen according to Lemma 3.7.2, then
J is in normal X,-position. Although Lemma 3.7.2 does not give us a deterministic algorithm
how to find the numbers ¢y, . .., ¢,—1, we can still construct a probabilistic algorithm choosing
c1,...,cp—1 randomly and then checking whether J is in normal X,-position. For that we
need a criterion how to recognize whether an ideal in normal X,,-position. Before we formulate
the promised criterion, we have to prove several technical statements.

Proposition 3.7.3 Let R be a ring and I C R an ideal. Then there is a one-to-one corre-
spondence between set of ideals in R containing I and set of ideals in R/I. More precisely,
let J D I be an ideal in R and J an ideal in R/I. Then the following mappings ® and U are
inverses of each other:

J 2 {lreR/I|je T}

(GeR|lliedy & J

Moreover, ® and ¥ preserve inclusions, i.e. J1 C Jo implies ®(J1) C ®(J2) and similarly for
U. We also have ®(R) = R/I and ¥(R/I) = R.
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PROOF: Let J D I be an ideal in R. We have to check that ®(J) is an ideal in R/I. Let
lalr,[b]r € ®(J) and [¢]; € R/I. Then a,b € J and [a]; + [b]; = [a + b];. Since a +b € J, we
get [a + b]; € ®(J). Analogously [a]r - [c]r = [a - ¢]r € ®(J). Clearly, [0]; € ®(J). Similarly,
we can check for an ideal J in R/I that W(.J) is an ideal in R containing I. Indeed, let a € I.
Then a € W(.J) since I = [0]; € J.

Further, we have to show that ¥ o ® is an identity on the set of ideals in R and ® o ¥
an identity on the set of ideals in R/I. Let J be an ideal in R containing I. Then j € J iff
[jlr € ®(J) iff j € U(B(J)). Similarly, let J be an ideal in R/I. Then [j]; € J iff j € ¥(J)
it [j]; € D(W(J)).

Finally, it can easily seen that ® and ¥ are inclusion preserving and ®(R) = R/I,
W(R/I) = R. 0

Observe that if J is a maximal ideal in R containing an ideal I, then ®(J) is a maximal
ideal in R/I. Similarly ¥(.J) is maximal for a maximal ideal J in R/I.

Lemma 3.7.4 Let R, S be rings and ® : R — S be a ring isomorphism and let I C R be an
ideal. Then ®(I) is an ideal in S. Moreover, if I is maximal, then ®(I) is mazimal.

PROOF: Recall that ®(I) ={b€ S| (Ja € R)(b = ®(a))}. Let by,be € ®(I) and ¢ € S. Then
there are aj,as € I such that ®(a;) = by and ®(ag) = by. Thus

by + by = <I>(a1) + (I)(CLQ) = <I>(a1 + ag) .

Since a1 +az € I, we get by + by € ®(I). As ® is an isomorphism, there is ¢ € R such that
@ (') = ¢. Consequently,
bic=®(ay) - ®(c') = ®(arc).

Thus bic € ®(I). Finally, 0 € ®(I) because 0 = ©(0).

Now assume that [ is maximal. Let J 2 ®(I). Then using the inverse of ® (which a
ring isomorphism as well) we get ®~1(J) 2 ® 1(®(I)) = I. By maximality of I the ideal
®~1(J) = R. But this means that J = ®(R) = S. O

Theorem 3.7.5 Let I C k[Xy,...,X,] be a radical ideal such that V(I) is finite and g, the
monic generator of I Nk[X,]. Then the following conditions are equivalent:

1. The ideal I is in normal X, -position.
2. deg(gn) = dimk[X1,..., X,]/1I.
3. The mapping ® : k[X,]/(gn) — k[X1,..., Xyn]/I defined by
([fligny) = Ufr
is a ring isomorphism, i.e. the rings k[X,]/(gn) and k[ X1, ..., X,]/I are isomorphic.
PROOF: First, I claim that the mapping ® : k[X,,]/(gn) — k[X1,..., X,]/I defined by
([fligny) = Ufr

is always an injective ring homomorphism. The mapping ® is well-defined since (g,,) C I.
Thus whenever [f]4,y = [f'](g,), then [f]r = [f'];. The fact that ® is a homomorphism can be
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easily checked. Finally, let [f](g,) # [9](g,)- Assume that [f]; = [g];. Then f—g € INk[X,] =
(gn) which is not possible. Thus [f]; # [g]1-

Second, note that (gy) is radical. If f™ € (g,) C I, then f € k[X,,] NI = (gn). Thus we
have by Theorem 3.6.7

deg(gn) = dim k[X,,]/(gn) < dimk[X1,..., X,]/I.

The inequality follows from the fact that ® transforms a basis of k[X,]/(g,) into a linearly
independent subset of k[X1,...,X,]/I.

(1 = 2): If I is in normal X,-position, then g, has at least dim k[X},..., X,|/] many
roots, i.e. deg(g,) > dimk[Xy,..., X,]/I.

(2 = 3): If dimk[Xy,...,X,]/] = deg(gn) = dimk[X,,]/(gn), then the rings k[X,]/{gn)
and k[X1,...,X,]/I are isomorphic as k-vector spaces. Since ® is also an injective linear
mapping, it must be onto. Thus @ is a ring isomorphism.

(3 = 1): If the rings k[X,]/(gn) and k[X1,...,X,]/] are isomorphic, then d = deg(gn)
is exactly the number of points in V(I). Let ai,...,aq € k be the roots of g, (the roots
are pairwise distinct because g, is square-free). Then g, = H?Zl(Xn — a;). Thus the max-
imal ideals in k[Xp,] containing (g,) are of the form (X, —a;). Then ([X,, —ai](4,)) is a
maximal ideal in k[X,]/(gn). By Lemma 3.7.4 we have ®(({[X,, — ai](4,))) is a maximal ideal
in k[Xi,...,X,]/I. Thus this ideal corresponds to a maximal ideal M; in k[X1,...,X,] by
Proposition 3.7.3. The ideal M; has to be of this form (X; — aq;,..., X, — ayp;) for some
Q1, ..., 0Qn; € k by Theorem 3.1.11. Observe that

O(([Xn — ail(g,))) = (([Xn = ail(g,))) = ([Xn — ailr) .

Thus X,, — a; € M;. Since X, — a; € M;, we get that a,; = a;. Now for different roots

a; # aj we obtain different maximal ideals M; and Mj, i.e. different points (a1, ..., a;) and
(a1j,...,a5) in V(I). Since there are exactly d points in V(I), all of them have pairwise
different the last component. O

Theorem 3.7.6 (The Shape Lemma) Let I C k[X1,...,X,] be a radical ideal in normal
Xp-position such that V(I) is finite, g, the monic generator of I Nk[X,], and d = deg(gy,).

1. The reduced Grobner basis of I w.r.t. lex term order is of the form
X1=91,--, Xn1 = gn-1,9n}
where g1, ..., gn—1 € k[X5).
2. The polynomial g, has d distinct roots ay,...,aq € k, and

V(I) = {(gl(ai), e ,gn,l(ai),ai) | 1= 1, e ,d}

PROOF: By Theorem 3.7.5 using the isomorphism ® : k[X,]/(gn) — k[X1,...,Xy]/I, each
polynomial f € k[X1,...,X,] is congruent w.r.t. I to a polynomial g € k[X,,]. Indeed, since
® is onto there is [g](y,) € k[Xn]/(gn) such that
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Thus for each X; € k[X1,...,X,] there is a polynomial g; € k[X,] such that X; — ¢g; € I.
We show that G = {X1 — g1,...,Xn—1 — gn—1,9n} is a Grobner basis w.r.t. the lex term
order. Clearly LT(G) = {X1,...,X,_1,X%}. Let f € I. If LT(f) contains at least one
of Xi1,...,X,_1, then LT(f) € (LT(G)). If LT(f) contains only X,,, then f € I N k[X,],
i.e. LT(gn)|LT(f). Thus G is a Grobner basis. Moreover, it is obvious that G is a reduced
Grobner basis.

Finally, since g, is square-free, it has d distinct roots. It is also clear that the solutions of
a system of polynomial equations X1 — g1 =+ = X1 — gn—1 = gn = 0 has solutions of the
form (g1(a;), ..., gn-1(a;),a;) for a root a; of g,. O

Corollary 3.7.7 (Solving a system of polynomial equations) Let k be an algebraically
closed field, f1,...,fs € k[X1,...,Xy], and I = (f1,..., fs). Consider the following sequence
of instructions:

1. Fori=1,...,n compute a generator g; of I Nk[X;]. If g; = 0 for some i, then return
“Infinite number of solutions” and stop.

2. By Lemma 3.6.8 compute h; = (gi)req for each i. Then replace I by I + (hy,..., hy).
3. Compute number d of monomials in the complement of (LT(I)), i.e.
d=[{X"| X* ¢ (LT(D)}].

4. Check if deg(hy) = d. In this case, let (c1,...,cn—1) = (0,...,0) and continue with step

7.
5. Choose randomly (c1,...,cn_1) € k"1, Apply the coordinate transformation

X1 X1, oory Xnt = Xnots X o X — a1 X1 — - — en1 X1
to I and get an ideal J.

6. Compute a generator of J N k[X,]| and check if it has degree d. If not, repeat steps 5
and 6 until this is the case. Then rename J and call it I.

7. Compute the reduced Grobner basis of I w.r.t. the lex term order. It has shape
{Xl —4g1,... 7Xn—1 - gn—lagn}

with polynomials g1, . . ., gn € k[X,]| and with deg g, = d. Return the tuples (¢1,...,cn-1)
and (g1, .., 9n) and stop.

This is an algorithm which decides whether the system of polynomial equations f1 = -+ =
fs = 0 has finitely many solutions. In that case, it returns tuples (c1,...,cn_1) € k"1 and
(g1,---,9n) € k[X,)] such that, after we perform the linear change of coordinates

Xim= Xy, oo Xy o X, XK Xy —aXy — - — o1 X,
the transformed system of equations has the set of solutions

{(gl(ai)7‘ e 7gn—1(ai)7ai) | 1= ]-7 cee ,d},
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where a1, ...,a, € k are roots of gy,.
In other words, the original system of equations has the set of solutions

{(g1(ai), ., gn-1(ai),ai — c1gi(ai) — -+ = en—1gn-1(ai)) | i =1,...,d}.

PROOF: The correctness of the first step follows from Corollary 3.6.4. By Corollary 3.6.11
the ideal I is replaced by radical v/T in step 2. By Theorem 3.6.7 the number d computed
in step 3 is exact number of solutions. If deg(g,) = d, then I is in normal X,,-position by
Theorem 3.7.5. If not there is (c1,...,c,—1) € k"~ ! by Lemma 3.7.2 such that, after the
linear change of coordinates, the transformed ideal J is in normal X,-position. Thus by the
Shape Lemma the transformed system of equations has the solution set

{(g1(ai),...,gn-1(a;),a;) |i=1,...,d}.

Let A be the matrix representing the linear change of coordinates. Since we proved that
(bi,...,by) € V(I) iff (by,...,b,) - A7t € V(J), we get (91(ai),. .-, gn-1(a;),a;) - A € V(I)
because

(g1(ai), - - gn1(ai), ai) = (g1(ai), - - -, gn-1(ai), a;) - A- A"



