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One of the basic themes in proof complexity is a loose correspondence
between weak theories of arithmetic and computational complexity classes.
If a theory T corresponds to a class C, it usually means that on the one
hand, T can reason with C-concepts in the sense that it proves induction,
comprehension, minimization, or similar schemata for formulas expressing
predicates from C; on the other hand, provably total computable functions
of T of suitable syntactic shape are C-functions. We may interpret this
situation as a formalization of feasible reasoning. Here, we consider a natural
concept X, and we ask what properties of X can be proved in an efficient
manner while only using reasoning with concepts whose complexity does not
exceed that of X itself; if C is a class that adequately describes the complexity
of X, and T an arithmetical theory corresponding to C, we can approximate
this form of feasible reasoning about X simply by provability in T . (This
idea goes back to Parikh [9] and Cook [1].)

In this talk, we will be interested in feasible reasoning with the elemen-
tary integer arithmetic operations +, ·,≤. Their computational complexity
is captured by the class TC0 (a small subclass of P): all the operations are
computable in TC0, and · is TC0-complete under a suitable notion of reduc-
tion. Many other related functions are computable in TC0 as well: iterated
addition

∑
i<n xi and multiplication

∏
i<n xi, division with remainder, the

corresponding arithmetical operations in Q, Q(i), number fields, or polyno-
mial rings, and approximations of analytic functions such as log or sin defined
by sufficiently nice power series. Here, the TC0-computability of

∏
i<n xi and

other above-mentioned functions that depend on it is a difficult result with
a long history, finally settled by Hesse, Allender, and Barrington [2].

The theory of bounded arithmetic corresponding to TC0 is the theory ∆b
1-

CR of Johannsen and Pollett [7], or equivalently (up to RSUV -isomorphism),
the two-sorted theory VTC 0 introduced by Nguyen and Cook [8].
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This talk will showcase several exhibits of provability in VTC 0, based on
[3, 4, 5, 6]:

• VTC 0 can do iterated multiplication by formalizing a variant of the
algorithm from [2].

• VTC 0 proves induction for open formulas (IOpen), and even for trans-
lations of Σb

0 formulas of Buss, using a formalization of TC0 root ap-
proximation algorithms for constant-degree polynomials.

• VTC 0 can formalize basic properties of approximations of elementary
analytic functions (exp, log, trigonometric functions); in a more conve-
nient setup, these functions can be defined on topological completions
of models of VTC 0.
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